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1-Clusteptiteorit
• Fomin & Zelevinsky (2002) : cluster algebras

ma catozzo :

• Buan-Marsh- Reinke -Reiter - Todorov (2006) :

K=E field
,
Q : finite quiver with no loops/cycles

cluster Category of Q : the Orbit category

Ea :=D" (mod KQ) / (e-'oste

•
Amiot (2009) & Guo (2011) :

Chain dg algebra
a = . .

.→ Az→ As→ ho→ O→ 0→ . . .

with sone properties ( A is 3- CY bimodale )

generalised cluster category :

Verdier quotient fa := pera/Db (A)



Mainproperties : (1) la triangolated , Horn-finite ,2-Calabi-Yau

(2) la has 2-cluster fitting Object A

(3) Hong (A , A) è Hompera (AA)

• Gao : higher case ( n instead of 2 above)

2. IYAMA - YANG GENERALIstation (2018)

Rennae
-

T triangolated
→ torsion pair on T : pair (× ,

Y) of full

subcategories of T sit .

✗= ↳µ
,
9 =✗↳

,
✗ *7--7

→ t- Structure on T : pair ( 7<-0,7>
°) of full

subcategories of T sit .

• 771 : = E-1770 ET> °

• (F-°
,
T>1) torsion pair

ab : fMEZ
,
( Tim :-E-MT« °

, 7>-7--2
-MT>0)

- is at- Structure
.



→ Iet n >3
,
K field

,
(T ,
Tfd

,
M) an n - Calabi-Yau triple :

-

• T : K- linear
,
Ham- finite , Krull-Schmidt bedcat

• Tad c- T : Ded subcategorys.t.LT/Tfd) is
relative n- Calabi-Yau :

DTCX
,
4) ITL4,2" X)

bifunctorialisomorphis.MY/-cTfd
,
YET

.

• M - addMET Sitting subcategory :

TIM
,
E
>0M) = O & 7- thick(M)

with right adjaant t-Structure

-

(7<-0,7>°) = ( (E M)"
, (E

>0M)LT)

Then I-4 generalisad cluster Category :

the Verdict quotient Thad



Mainpropeities : (1) T /Tfd triangolated, Horn -finite, In-1) - cy
(2) T /Tfd has (n-1) - et Object M

(3) Hammad (M ,
M) I Horny (M ,

M)

Ctoal : Ghe deeper Understanding of Ted
using more Classic

homologicaltools3-ttom-SPA.ES
:

Hp>0 , ✗c-T ,
7 ! (up to Unique Iso) tranciation triangle

✗←P→ ✗-✗→
-P-"
→E ✗E-P

F- p ¥7- PH

Then are morphisms of triangle s

✗←P→ ✗-✗→
-P-"
→E ✗E-P

g-pf µ ' l
✗E-PIÈ, ✗-È> -PE

,E ✗E-p -11



Then
,
we have

inversesyste.ro
.→ ✗⇐→È ✗E-1¥ ✗

<0¥ ✗

For YET
, applying TI_ ,

Y)
,wegetdirectsystem-n.MX

,
4)→ TIX"

,
4)→THE-1

,
4)→ . . . → limiti ✗e -9,4)

•EE :

Hp >o , the trinciation triangle

✗←P→ ✗-✗→
-P-"
→E ✗c-

-P

und ✗← P E-
presa ✗

Direct system
Thad /✗

,
4)→7/7%1<-0,41×7/7%-1

,
4)→ . _⇒ limo 7174 ✗e -9,4)



We have commutativa diagram

TIX
,
4)→ TIX"

,
4)→THE-1

,
4)→ . . . → limiti ✗E -9,4)

la" la" taci ! "
Thad (X

,
4)→7/74×941=7/7%-1

,
4)→ . . .fi?sT/T4N- -9,4)

•Theigrem : Iet X
,
YET

.

4) For posso ,
the direct system

TIX
,
4)→ TIX"

,
4)→ THE -'

,
4)→ . . .

stabilires . Moreover

bing.tl/t--9,Y)--~TMsd(✗il)

(E) fini ( limo T (si' ×»-P" , 4<-9))e Thad (✗ , Y)
-



4 THE MAIN PROPERTIES
-

:

(ttttfdtoiangeilateofltomtinitentaabia:

•TIE : Tltfd Verdier quotient

• HOM-finite-n.tt Hom-finite & for p»o Theorem

⇒ Trad (✗ ,4)e TLXE
- P

,
4)

• (n : Theorem + relative nel proparty

(3) Holmwood ( M ,
M) I Horny /M ,

M) :

For j c-Z ,
4--2 'M the direct system stabilire at

p = j- n-12

una T/Tfd ( ✗
,
2in ) e 7 ( ✗E-jtn-2,2in)

ma T/Tfdcm ,
M) IT (Msn

-2

,
M) IT (M

,
M)



(2) T /Tfd has (n-1) - cluster tilling Object M :

i {
• Tltfd (M ,

27 - - - in-2M)-o

• T/Tfd Il *EM * . . . *Eh-2M

For j--1,
_ . - in-2 , Trad (m ,

Sim) IT (ME-Jin-2,2in)

• -jin-270 ⇒ TE-Jin-2 c- TEO and so

Tttfd (M
,
Sim) E TIM

,
Sim)

•j >o and
M Sitting ⇒ Tltfd (M ,

EJM)-0
.



5. NEGATIVE CLUSTER CATEGORY :

setup so far setup for negative cluster category
→ Ict ha}

,
K field

,
( T ,
Tfd

,
M) an n - Calabi-Yau triple : → Iet n >3

,
K field

,
( T ,
Tfd

,
M) afn) - Calabi-Yau triple :

-

• T : K- linear
,
Ham- finite , Krull - Schmidt Bedcat Ì T : K- linear

,
Ham- finite , Krull - Schmidt Bedcat

• Tad c- T : Bed subcategorys.t.LT/Tfd) is • Ted c- T : Ded subcategorys.t.LT/Tfd) is
relative n- Calabi-Yau : relative tn)- Calabi-Yau :

DTCX
,
4) ITL4,2" X) DTCX

,
4) ITL4,2

-"

×)

bifunctorialisomorphis.MY/-cTfd
,
YET

. bifunctorialisomorphis.MY/-cTfd
,
YET

.

• M - add MET siltingsubaategory : • M - add MET Simple Minded coiection :

TIM
,
E
>0M) - o & 7- thick (M) TIM

,
E M) -0

,
7- thick (M)

,
dimrtlmim")-8min"

with right adjacent t- Structure with right adjacent co - t- Structure

-

(7<-0,7>°) = ( ( E MM
, (E

>qyjs.ro)
-

(T» , Io ) - ("( E>0M) ÌTE M) )

→ 7/Tfd negative cluster Category

(Coelho Simòes, Pauksztello,Ploog , Jin)

pop-art :

•Ttfd Ded
,
Horn-finite

,
fn-1)- CY

•MET/Tfd (n-11)-SimpleMinded
system :

→dimrtltfdlm'

,
M''7- Spin "

,
MIM"EM

→ T/Tfd /21
" "

M
, M)= O

→ T/Tedeschi> *2-KM>* . . . #E-km)

NI : trunaationtriangles.in co-t- Structures
are not Unique .


