1 Matrices: Introductory Material





1.1 Definition: A matrix is an array of numbers written in brackets (round or square).





1.2 Examples





	� EMBED Equation.2  ���





1.3 Definitions: The numbers in the array are called the elements of the matrix. A matrix which has r rows and c columns is described as an r x c matrix or a matrix of order (or dimension) r x c. When r = c then the matrix is described as a square matrix.





A matrix is generally denoted as B = [bij]. For example if i=j=1,2 then


B = [bij] =� EMBED Equation.2  ���





1.4 Definitions: A matrix with only one column is called a column vector. A matrix with only one row is called a row vector.





1.5 Equality: two matrices are equal if and only if (iff) (a) they have the same dimension and (b) all elements in corresponding locations in each array are equal.


�



1.5.1 Examples





1. 	� EMBED Equation.2  ���





2.	If 	� EMBED Equation.2  ���	then x = 2 and y = 4	





1.6 Addition and subtraction: Matrices can be added and subtracted iff they are of the same dimension. In this case they are said to be conformable for addition or conformable for subtraction.





1.6.1 Addition





� EMBED Equation.2  ���





1.6.2 Subtraction





� EMBED Equation.2  ���





1.6.3 Note: Matrix addition is commutative and associative i.e.





	A + B = B + A		(commutative law)


and


	(A + B) + C = A + (B + C)		(associative law)





where A, B and C are of the same dimension.





1.7 Scalar multiplication: A matrix of any order can be multiplied by a number or scalar. The multiplication is performed by multiplying every element in the matrix by the given number.





1.7.1 Example: Consider the scalar a, and the matrix B=[bij] where i=j=1,2





aB =� EMBED Equation.2  ���





1.8 Multiplication of 2 matrices: unlike scalar multiplication which can be performed on matrices of any order, multiplication of 2 matrices depends upon a particular dimensional requirement being satisfied. Consider two matrices X and Y, and the product XY. X is said to be the lead matrix in the product and Y is the lag matrix in the expression. For multiplication to be possible, then the column dimension of the lead matrix must equal the row dimension of the lag matrix i.e. if X is of dimension c x d and Y is of dimension p x q, then X and Y are conformable for multiplication iff d = p. Moreover, the resulting matrix will be of dimension c x q.





		X	Y


	       c x d      p x q





1.8.1 Example: Suppose X is of dimension 2x3 and Y is of dimension 3x2. Clearly, X and Y are conformable for multiplication and the resulting matrix XY will be of dimension 2x2.


XY 	= � EMBED Equation.2  ���


	= � EMBED Equation.2  ���





1.8.2 Numerical example: 	Suppose 


X = � EMBED Equation.2  ���


then XY 	= 	� EMBED Equation.2  ���





	=	� EMBED Equation.2  ���





	=	� EMBED Equation.2  ���





1.8.3 Notes


a) Matrix multiplication is generally non-commutative i.e. it is not generally the case that XY = YX.


b) Matrix multiplication is associative i.e.


	(AB)C = A(BC)


although the conformability condition must be satisfied by each adjacent pair of matrices.


c) Matrix multiplication is distributive i.e.


	A(B + C) = AB + AC


	(B + C)A = BA + CA


although the conformability condition for addition and multiplication must be satisfied.


d) Matrix multiplication allows a concise representation of systems of equations. For example, the following equations


	2x1 + 3x2 = 6


	3x1 + 4x2 = 12


can be represented as


	Ax = d


where





	A = � EMBED Equation.2  ���





As will be illustrated later, this representation of systems of equations leads to the development of a simple method of solution.





1.9 Transposition: When the rows and columns of matrix A are interchanged (i.e. the rows become the columns and the columns become the rows) the resulting matrix is the transpose of A and denoted by A' or AT.





1.9.1 Example: 	





If A =	� EMBED Equation.2  ���





then A' = 	� EMBED Equation.2  ���





1.9.2 Notes


a) Clearly if A is of dimension r x c then A' must be of dimension c x r.


b) When a matrix is left unaltered by transposition (i.e. A = A') then it is called a symmetric matrix.


c) (A') = A'


d) (A + B)'= A'+ B'


e) (AB)' = B'A'





1.10 Identity and null matrices





1.10.1 Definition: The principal diagonal (or leading diagonal ) of a square matrix is the diagonal of elements going from northwest to southeast.





1.10.2 Identity matrices: An identity matrix is a square matrix with 1s on the principal diagonal and 0s in all other elements of the array. It is denoted by I or In where n represents the row and column dimension.





1.10.3 Examples





I2 = � EMBED Equation.2  ���





1.10.4 Notes


a) The identity matrix acts like the number 1 in the number system. For any matrix A, IA = AI = A. As long as A is not a square matrix, then the premultiplication and postmultiplication of A by I requires identity matrices of different dimensions. In the case where A is a square matrix, however, I will have the same dimension in each case and is an example of an exception to the rule that matrix multiplication is not commutative.


b) (I)2 = I and so (I)k = I for k=1,2,... Any matrix which remains unchanged when multiplied by itself any number of times is known as an idempotent matrix.


c) The identity matrix is a symmetric matrix i.e I' = I.





1.10.5 Null matrices: A null matrix (denoted by 0) is one where every element in the array is zero. It may be of any dimension and operates like the number zero in the number system.





1.10.6 Example





0 = � EMBED Equation.2  ���


are null matrices of different dimensions.





1.10.7 Notes


a) A + 0 = 0 + A = A assuming the conformability condition for addition is satisfied.


b) A - 0 = A assuming the conformability condition for subtraction is satisfied.


c) A0 = 0  and 0A = 0 assuming the conformability condition for multiplication is satisfied in each case. Note also that the null matrices may each be of different dimension even though they are each denoted by 0.


d) A square null matrix is idempotent, but a nonsquare null matrix is not. (Proof left as exercise)


e) An interesting anomaly regarding the null matrix is that, whereas in the case of numbers ab=0 always implies that a=0 or b=0, this is not the case with matrices. Eg. 





AB =	� EMBED Equation.2  ���





The anomaly arises when a matrix is singular (see below).





1.11 Inverses: The inverse of the square matrix A (denoted by A-1) is such that 


	AA-1 = A-1A = I





1.11.1 Notes


a) It is worth stressing that only a square matrix can have an inverse.


b) Not every square matrix has an inverse (being square is a necessary but not sufficient condition for the inverse to exist). A matrix which does not have an inverse is said to be singular. Conversely a matrix which can be inverted is nonsingular.


c) If A is n x n and can be inverted then A-1 is also n x n, as is the identity matrix I resulting from the product AA-1.


d) If an inverse exists then it is unique (proof left as exercise).


e) (A-1)-1 = A


f) (AB)-1 = B-1A-1 assuming that the inverses exist and the condition of conformability for multiplication is satisfied. (Proof left as exercise).


g) (A')-1 = (A-1)'  assuming that the inverses exist. (Proof left as exercise).





1.11.2 The inverse of a 2 x 2 matrix





a) Find the determinant of the matrix. For a 2 x 2 matrix X


det(X) =	� EMBED Equation.2  ��� = x11x22 - x12x21		


b) Interchange the elements on the leading diagonal.





c) Change the signs on the other two elements.





d) Divide this matrix by the determinant.





So X-1 =	� EMBED Equation.2  ���





The method for finding the inverse of a matrix of higher dimension will be the subject of a later section.





1.11.3 Application: The inverse of a matrix is very useful for solving sets of linear equations. Consider the following example:


	2x1 + 5x2 	= 39	


	7x1 -  3x2  = 75


a) Write the equations in matr
