Matrices: Further Topics





2.1 Linear Dependence 





2.1.1 Definition: A set of vectors v1,...,vn is linearly dependent iff one of them can be expressed as a linear combination of all other vectors. Otherwise they are linearly independent.





2.1.2 Examples





a) Consider the following row vectors:





� EMBED Equation.2  ���	� EMBED Equation.2  ���   � EMBED Equation.2  ���   





Clearly these are linearly dependent as they can be written as:





	v’3 = v’1 + 2v’2





b) Consider the following column vectors:





� EMBED Equation.2  ���		� EMBED Equation.2  ���		� EMBED Equation.2  ���





Clearly these are linearly dependent as they can be written as:





	v3 = 2v1 - v2





2.1.3 Note: Linear dependence may equivalently be expressed as follows: a set of vectors v'1, ...., v'n is linearly dependent iff there exists a set of scalars k1, ..., kn (not all zero) such that 


	


	� EMBED Equation.2  ���	


	


where 0 is of the same order as the v'i.





2.2 Linear dependence and nonsingularity





2.2.1 According to section 1.11.1, if a matrix is square, then it may be nonsingular i.e. squareness is a necessary condition for nonsingularity.





A sufficient condition for nonsingularity of a square matrix is that the rows of the matrix be linearly independent.





Let’s consider a 3 x 3 matrix A





	A =� EMBED Equation.2  ���





which can be seen as an ordered set of row vectors:





	A =� EMBED Equation.2  ���





where	� EMBED Equation.2  ���


		� EMBED Equation.2  ���


		� EMBED Equation.2  ���


		





Thus the rows (or row vectors) are linearly independent iff none is a linear combination of the others I.e. there must not exist any set of scalars k1, k2, k3 for which





	� EMBED Equation.2  ���





In general for an n x n matrix B where





B =	� EMBED Equation.2  ���





where	� EMBED Equation.2  ���


		� EMBED Equation.2  ���


		:		:


		� EMBED Equation.2  ���





The rows are linearly independent if there does not exist any set of scalars k1, ..., kn such that





	k1v'1 + k2v'2 + ... + knv'n = 0





2.2.2 Example: Consider the matrix





A =	� EMBED Equation.2  ���





Now 		v'3 = 2v'1 + 0v2


equivalently 	2v'1 + 0v'2 - v'3 = 0


and therefore the rows are linearly dependent.





Exercise: Consider the matrix B below and ascertain whether or not the rows are linearly independent.





B =	� EMBED Equation.2  ���





These examples serve to illustrate that the condition of linear independence cannot necessarily be ascertained at a quick glance. Since this condition is important for solving systems of linear equations, section 2.5 deals further with tests for linear independence.





2.2.3 Definition: The rank of an m x n matrix is the maximum number of linearly independent rows (equivalently columns) which can be found in the matrix. Conversely, supposing r is the maximum number of linearly independent rows which can be found, then the matrix is said to be of rank r.





2.2.4 Notes


a) Rank can apply to both square and non-square matrices.


b) It’s worth stressing that an n x n nonsingular matrix A must be of rank n I.e. rank(A) = n.


c) Any n x n matrix which is of rank n must be nonsingular.


d) For an m x n matrix B, rank(B) � EMBED Equation.2  ��� min{m,n}.


e) Consider the product of 2 matrices C and D, rank(CD) =  min{rank(C), rank(D)}.





2.3 Determinants





2.3.1 Definition: The determinant of an n x n matrix is called an nth-order determinant.





Section 1.11.2 dealt with the evaluation of second order determinants. We shall now turn to the evaluation of higher order determinants. 





2.3.2 Third-order determinants: The determinant of a 3 x 3 matrix 


	


	A = � EMBED Equation.2  ���





is defined as





	|A| = � EMBED Equation.2  ���





a11� EMBED Equation.2  ���a12� EMBED Equation.2  ���a13� EMBED Equation.2  ���	(2.1)





Note where these expressions have come from:





� EMBED Equation.2  ���	� EMBED Equation.2  ���	� EMBED Equation.2  ���








a11� EMBED Equation.2  ���		a12� EMBED Equation.2  ���		a13� EMBED Equation.2  ���





Now let’s see how the expression (2.1) multiplies out:





=	a11a22a33 - a11a23a32


+	a12a23a31 - a12a21a33


+	a13a21a32 - a13a22a31





Although a pattern may be found in these six product terms (verification is left as an exercise), this is not applicable to determinants of higher order.





2.3.3 Definition: Consider an n x n matrix A which has determinant |A|. The minor of the element aij (denoted by Mij or |Mij|) is the subdeterminant of |A| found by deleting the ith row and the jth column of |A|.





2.3.4 Examples





A =	� EMBED Equation.2  ���		|A| = � EMBED Equation.2  ���





So M11 = � EMBED Equation.2  ��� = (4)(2) - (-1)(9) = 17





Exercise: Find also M12 and M33.





2.3.5 Definition: Consider the n x n matrix A which has determinant |A| and minors given by Mij. If i+j in Mij is even, the cofactor is equal to the minor. If i+j in Mij is odd, the cofactor is equal to -Mij. A cofactor is generally denoted by Cij or |Cij|, and can be expressed Cij = (-1)i+j Mij





2.3.6 Examples: In the above example 





	|A| = � EMBED Equation.2  ���





and the minor of element 3 is





	M12 = � EMBED Equation.2  ��� = 1





But the cofactor C12 is (-1)1+2 M12 = -1





Exercise: Find the cofactors C22 and C32 as well.





2.4 Nth order determinants and the Laplace expansion





2.4.1 Combining the definitions of sections 2.3.2 and 2.3.5 it can easily be seen that the determinant of a 3 x 3 matrix can be written as 	





� EMBED Equation.2  ���		





This is the Laplace expansion of a third order determinant. 


2.4.2 Thus the Laplace expansion of a 4 x 4 matrix B is given by


		


|B| 	= 	� EMBED Equation.2  ���	


		


where the cofactors Cij in this case are of order 3 i.e. they are third order determinants. Of course we have already obtained an expression in section 2.4.1 for evaluating a third order determinant which involves the simple evaluation of second order determinants.





2.4.3 Higher order determinants also reduce to the evaluation of second order determinants by use of the Laplace expansion (verification is left as an exercise).





2.4.4 Notes


a) |A| = |A'|


b) The interchange of any 2 rows (equivalently any 2 columns) will alter the sign but not the absolute value of the determinant.


c) The multiplication of a single row (equivalently single column) by a scalar k will cause the determinant to be multiplied by k. Thus if a row (or column) contains a common factor, it may be factored out of the determinant.


d) The addition or subtraction of a multiple of any row to or from another row leaves the value of the determinant unaltered. This is true also of columns.


e) If one row (equivalently column) is a multiple of another row (equivalently column), the determinant is zero. Thus, if the rows (or columns) of a matrix are linearly dependent, the determinant of that matrix is zero.


f) If any row (or column) consists entirely of zeros then the determinant is zero.


g) If a matrix is triangular i.e. has zeros either above or below the leading diagonal) then the determinant is equal to the product of the elements on the leading diagonal.


h) |AB| = |A||B|














2.5 Testing for nonsingularity





Casting your minds back to section 2.2 you’ll remember that a sufficient condition for nonsingularity of a square matrix is that the rows of that matrix be linearly independent. However it’s not particularly easy to see at a glance whether rows of a matrix are linearly independent. It’s therefore reassuring to know that nonsingularity can be ascertained by means of a test using the determinant.





From section 2.4.4 part e) we can deduce that for any n x n matrix A, the rows (columns) are linearly independent iff 


|A|� EMBED Equation.2  ���0. Thus A is nonsingular iff |A|� EMBED Equation.2  ���0.





2.6 Matrix Inversion





2.6.1 Definition: The adjoint of A (denoted by adj A) is the transpose of the matrix of cofactors of A. Thus the matrix of cofactors of A (denoted by C) is 





C = � EMBED Equation.2  ���and adj A = C' = � EMBED Equation.2  ���





(Remember that each of the cofactors Cij is a determinant).





2.6.2 The steps for finding the inverse of an n x n matrix are outlined below. The derivation of these steps can be found in Chiang. Consider the n x n matrix A. A-1 can be found as  follows:


a) Find |A| and verify that |A|� EMBED Equation.2  ���0 and hence that an inverse exists.


b) Find the cofactors of all the elements of A and derive the matrix of cofactors C = [Cij].


c) Find adj A = C'.


d) Divide every element in adj A by |A| to give the inverse of A I.e. A-1 = adj A multiplied by 1/|A|.





2.6.3 Example: Find the inverse of matrix A below.





	A = � EMBED Equation.2  ���


	     


a) |A| = � EMBED Equation.2  ���


	


	= � EMBED Equation.2  ���





b) C = � EMBED Equation.2  ���





	= � EMBED Equation.2  ���





c) Adj A = � EMBED Equation.2  ���





d) So A-1 = � EMBED Equation.2  ���











2.7 Solving systems of equations and Cramer’s rule


As noted in an earlier section, finding the inverse of a given matrix can be the key to finding the solution to a system of linear equations. Thus if a system of linear equations is given by:





a11x1 + a12x2 + ... + a1nxn = d1


a21x1 + a22x2 + ... + a2nxn = d2


	:		:		:	


	:		:		:


an1x1 + an2x2 + ... + annxn = dn





then this can be written as





	Ax = d





where A = � EMBED Equation.2  ���x = � EMBED Equation.2  ���and d = � EMBED Equation.2  ���





Thus x = A-1 d gives the solution. Note that |A|� EMBED Equation.2  ���0 <=> A is nonsingular <=> there is a unique solution to the system of equations represented by Ax = d. Thus the determinant plays an important role in ascertaining the existence of a unique solution to a system of linear equations.





However, Cramer’s rule allows us to obtain the solution to such a system of linear equations whilst not actually having to find the inverse: this may be much simpler and less time-consuming!





2.7.1 Definition: Given Ax = d as defined above, the matrix Aj is the matrix A with the jth column replaced by the column matrix d.





Cramer’s rule states that given Ax = d as defined above, the solutions are calculated as xj =� EMBED Equation.2  ���. The derivation of this rule is clearly set out in Chiang.





2.7.2 Example: Solve the following system of equations using Cramer’s rule.





	2x1 + x2 = 24


	3x1 - 2x2 = 8





Define A =  � EMBED Equation.2  ���and d = � EMBED Equation.2  ���





By Cramer’s rule x1 = � EMBED Equation.2  ��� and x2 = � EMBED Equation.2  ���





|A1| = � EMBED Equation.2  ��� = -56	|A| = � EMBED Equation.2  ��� = -7





|A2| = � EMBED Equation.2  ��� = -56





So x1 = 8 and x2 = 8





2.8 The Gaussian Method of finding inverses


The Gaussian method offers an alternative to Cramer’s rule for solving systems of linear equations which involves actually evaluating the inverse of a matrix. It may be simpler when the matrix of coefficients is of a large order. 





2.8.1 Definition: The augmented matrix of an n x n matrix A is A|I where I is the n x n identity matrix.





2.8.1 Examples


a) If A = � EMBED Equation.2  ���then the augmented matrix of A is





� EMBED Equation.2  ���





b) If B = � EMBED Equation.2  ���then the augmented matrix of B is 





� EMBED Equation.2  ���








2.8.3 The Gaussian method is outlined below. For a matrix A:


a) Find the augmented matrix i.e. A|I


b) Apply row operations to the augmented matrix until A=I and hence the right hand side (formerly I) is A-1. The row operations to be applied are 


i) any row of the matrix may be divided (or multiplied) by any non-zero constant;


ii) rows may be interchanged;


iii) a multiple of any row may be added to (or subtracted from) any other row.





2.8.4 Example





Suppose A = � EMBED Equation.2  ��� and so 





A|I = � EMBED Equation.2  ���





1) Divide row 1 by 2:


� EMBED Equation.2  ���





2) Add 2 x row 1 to row 2:


� EMBED Equation.2  ���





3) Subtract row 2 from row 1:


� EMBED Equation.2  ���





4) Multiply row 2 by -1:


� EMBED Equation.2  ���





So A-1 = � EMBED Equation.2  ���and this can be checked using conventional methods.





Exercise: Now find the inverse of the following 3x3 matrix using the Gaussian method and check your answer with that found in section 2.6.3.





A = � EMBED Equation.2  ���





2.9 Matrices and Minitab


It should already be apparent that working with matrices can be a laborious process: inverting a 3x3 matrix is time-consuming enough, yet many empirical applications of matrices involve working with matrices of much higher dimension. Clearly there is a strong case for using the computer for doing the donkey work! Minitab is just one package which may be of use.





2.9.1 Useful Minitab commands





	read r c M1





Reads data into a matrix M1 of dimension r x c.





	print M1





Prints the contents of matrix M1.





	transpose M1 M2





Transposes matrix M1 and puts the answer in M2.





	invert M1 M2


Inverts the matrix M1 and puts the answer in M2.





	mult M1 M2 M3





Multiplies M1 by M2 and puts the answer in M3 - clearly the matrices must be conformable for multiplication. This command can also be used to multiply a matrix by a constant.





	add M1 M2 M3





Adds matrices M1 and M2 and put the answer in M3.





	subtract M1 M2 M3





Subtracts M1 from M2 and puts the answer in M3. Both commands can be used to add or subtract (respectively) a constant from a matrix.


�
APPENDIX: Solutions to exercises in notes
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B = � EM
