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Abstract

We consider the positive semidefinite (psd) matrices with binary
entries, along with the corresponding integer polytopes. We begin by
establishing some basic properties of these matrices and polytopes.
Then, we show that several families of integer polytopes in the lit-
erature — the cut, boolean quadric, multicut and clique partitioning
polytopes — are faces of binary psd polytopes. Finally, we present
some implications of these polyhedral relationships. In particular, we
answer an open question in the literature on the max-cut problem, by
showing that the rounded psd inequalities define a polytope.

Key Words: polyhedral combinatorics, semidefinite programming,
max-cut problem, clique partitioning problem, unconstrained boolean
quadratic programming.

1 Introduction

A real square symmetric matrix M € R™*"™ is called positive semidefinite
(psd) if and only if any of the following (equivalent) conditions hold:

e bI'Mb >0 for all b € R,
e all principal submatrices of M have non-negative determinants,
e there exists a real matrix A such that M = AAT.

The set of psd matrices of order n forms a convex cone in R™*" (e.g., Hill
& Waters [22]), and is often denoted by S¥.

In this paper, we consider the binary psd matrices, i.e., psd matrices
belonging to {0,1}"*™. Figure 1 shows an example of a binary psd matrix
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Figure 1: A binary psd matrix and a factorisation

of order 4, along with one of its factorisations. We also consider an associated
family of integer polytopes, which we call binary psd polytopes.

Although psd matrices and semidefinite programming have received much
interest from the integer programming and combinatorial optimisation com-
munity (see the surveys Goemans [17] and Laurent & Rendl [24]), these
specific matrices and polytopes appear to have received no attention. This
is remarkable, because, as we will see, the matrices can be easily charac-
terised, and they have a natural graphical interpretation. Moreover, several
important and well-known integer polytopes — such as the cut, boolean
quadric, multicut and clique partitioning polytopes — can in fact be viewed
as nothing but faces of binary psd polytopes. In that sense, the binary psd
polytopes form an important, and hitherto overlooked, family of ‘master’
polytopes for combinatorial optimisation.

The paper is structured as follows. Section 2 presents three character-
isations of binary psd matrices, along with the graphical representation.
Section 3 introduces the binary psd polytopes and presents some elemen-
tary results on their structure. In Section 4, we establish the relationships
between the binary psd polytopes and the other four families of polytopes
mentioned above. In Section 5, we present some implications of these poly-
hedral relationships. In particular, we answer an open question in the lit-
erature on the max-cut problem, by showing that the so-called rounded psd
inequalities define a polytope. Finally, some concluding remarks are given
in Section 6.

An extended abstract of this paper appeared in the 2008 IPCO proceed-
ings [25].

2 Binary Psd Matrices

This section is concerned with binary psd matrices. We characterise the
matrices (Subsection 2.1), give a graphical representation (Subsection 2.2),
and give an associated complexity result (Subsection 2.3).

2.1 Characterisations

We now give three characterisations of binary psd matrices. The first char-
acterisation is in terms of symmetric rank one binary matrices. Note that
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Figure 2: An alternative factorisation of the matrix shown in Figure 1.

the symmetric rank one binary matrices are precisely those matrices that
can be written in the form vv? for some (non-zero) binary vector v € {0, 1}".

Proposition 1 A symmetric binary matrixz is psd if and only if it is ei-
ther the zero matrixz or the sum of one or more symmetric rank one binary
matrices.

Proof. The ‘if” part follows trivially from the fact that S% is a cone.
We prove the ‘only if’ part. Suppose that M is a binary psd matrix that
is not the zero matrix. Since all 2 x 2 principal submatrices of M must
have non-negative determinant, we have that, if M;; = 0 for some i €
{1,...,n}, then M;; = Mj; = 0 for j = 1,...,n. Thus, if we let R =
{i e {1,...,n}: M;; = 1}, we have that M has zero entries outside the prin-
cipal submatrix defined by the row/column indices in R. This submatrix,
which must also be psd, has 1s on the main diagonal. The fact that a bi-
nary psd matrix with 1s on the main diagonal is the sum of symmetric rank
one binary matrices is well-known and easy to prove: see, e.g., Lemma 1 of
Dukanovic & Rendl [15]. O

The second characterisation follows easily:

Proposition 2 A symmetric binary matriz is psd if and only if it equals
AAT for some binary matriz A.

Proof. The ‘if’ part follows immediately from the definition of psd-ness.
We show the ‘only if” part. Let M € {0,1}"*" be a binary psd matrix. If
M is the zero matrix, the result is trivial. Otherwise, from Proposition 1,
there exists a positive integer 7 and vectors v!,...,v" € {0,1}" such that:

T
M = Z R ()T
k=1
If we let A be the n x r matrix whose kth column is the vector v*, we have
that M = AAT, a
For example, the binary psd matrix shown in Figure 1 has the alternative

factorisation shown in Figure 2.
We note in passing the following corollary:



Corollary 1 Binary psd matrices are completely positive. That is, they are
equal to AAT for some non-negative real matriz A.

Completely positive matrices were introduced by Diananda [14] and Hall &
Newman [21]. They have received increased attention recently, due to their
connections with various NP-hard optimisation problems (see, e.g., Burer
[6] and Parrilo [29]).

We now come to our third characterisation, which is in terms of linear
inequalities:

Proposition 3 A symmetric binary matriz M € {0,1}"*", with n > 3, is
psd if and only if it satisfies the following inequalities:

M;; < M;; (1<i<j<n) (1)
M, + M, < My, + My (1<i<j<n;k#i,7j). (2)

Proof. Tt is easy to check that the inequalities (1) and (2) are satisfied by
symmetric rank one binary matrices. Proposition 1 then implies that they
are satisfied by binary psd matrices. Now, suppose that a symmetric binary
matrix M satisfies the inequalities (1) and (2). If M;; = 0 for a given ¢,
the inequalities (1) imply that M;; = Mj;; = 0 for all j # i. Thus, just as
in the proof of Proposition 1, we can assume that M has 1s on the main
diagonal. Now note that, if M, = Mj, = 1 for some indices ¢, 7, k, then
the inequalities (2) ensure that M;; = 1. By transitivity, this implies that
{1,...,n} can be partitioned into subsets in such a way that, for all pairs
i,7, M;; = 1 if and only if i and j belong to the same subset. That is to
say, M is the sum of one or more symmetric rank one binary matrices. By
Proposition 1, M is psd. O

2.2 Graphical representation

The binary psd matrices have a natural graphical representation, as we now
explain. Let K,, = (V,,, E,) denote the complete graph of order n, where
Vo, = {1,...,n} is the vertex set and E, = {S C V,, : |S| = 2} is the edge
set. Given any n X n binary psd matrix M, we can construct a subgraph
of K, as follows. The vertex i is included in the subgraph if and only if
M;; =1, and the edge {i,j} is included if and only if M;; = Mj;; = 1.

If M has rank one, the subgraph will consist of a vertex set S, where
S ={ieV,: My =1}, together with all edges in FE,, if any, having both
end-vertices in 5. We call such a subgraph a clique subgraph. If M has
rank r > 1, then the corresponding subgraph of K, will consist of the union
of r disjoint clique subgraphs.

Figure 3 illustrates this concept. The binary psd matrix on the left is of
order 7 and has rank three. The corresponding subgraph of K7 is shown on
the right. The three clique subgraphs of which it is composed have vertex
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Figure 3: A binary psd matrix and its graphical representation

sets {1,2,4}, {5,6} and {7}. Note that vertex 3 is not included in a clique
subgraph, since M33 = 0.

2.3 Complexity

We now show that optimising a linear function over the set of binary psd
matrices is NP-hard. We do this by reduction from the so-called Clique
Partitioning Problem.

Given any partition of V,, into sets S1,...,.5,, the set of edges

E,(S1,...,8)={{i,j} € B, : {i,j} C S for some 1 < p <r}

is called a clique partition. Given a vector w € Q| of edge-weights, the
Clique Partitioning Problem calls for a clique partition of maximum total
edge-weight. The problem has applications in statistical clustering, and is
N'P-hard in the strong sense (Grotschel & Wakabayashi [19]).

Proposition 4 Optimising a linear function over the set of binary psd ma-
trices is N'P-hard in the strong sense.

Proof. It follows from the discussion in the previous subsection that a
symmetric binary matrix M of order n is psd if and only if the edge set
{{i,7} € E, : M;; = 1} is a clique partition. Thus, solving the Clique
Partitioning Problem for a given n and w is equivalent to maximising the

linear function
E wij Mij
1<i<j<n

over the set of binary psd matrices of order n. O

We remark that a similar hardness result holds for the symmetric rank
one binary matrices. Indeed, a symmetric binary matrix has rank one if
and only if it satisfies the quadratic equations M;; = M;;M;; for all pairs
i, 7. Thus, optimising a linear function over the symmetric rank one binary
matrices is equivalent to unconstrained quadratic 0-1 programming, which is
also AN'P-hard in the strong sense (Garey & Johnson [16]).



Moreover, optimising a linear function over the set of psd matrices with
+1 entries is known to be equivalent to the maxz-cut problem, and therefore
NP-hard in the strong sense [18, 23].

These connections between binary psd matrices and various NP-hard
combinatorial optimisation problems have polyhedral implications, as will
be shown in Section 4.

3 Binary Psd Polytopes

This section is concerned with binary psd polytopes. We define them in
Subsection 3.1, give some elementary results in Subsection 3.2, prove a gen-
eral result about homogeneous inequalities in Subsection 3.3, and introduce
a large class of homogeneous inequalities in Subsection 3.4.

3.1 Definitions

Note that any binary psd matrix M, being symmetric, satisfies the (g)
equations M;; = Mj; for all 1 < i < j < n. Therefore, if we defined the
binary psd polytope in R™*™, it would not be full-dimensional. Therefore,
we decided to work in RV"YE» instead.

Accordingly, we define for all i € V,, the binary variable x;, which takes
the value 1 if and only if M;; = 1; and we define, for all {i,;j} € E,, the
binary variable y;;, which takes the value 1 if and only if M;; = Mj;; = 1.
We denote by M(x,y) the linear operator that maps a given pair (z,y) €
{0,1}Y»YEr onto the corresponding n x n symmetric matrix. Then, the
binary psd polytope of order n is defined as:

Pp = conv {(z,y) € {0,1}"VE s M(z,y) € ST} .

Example: For n = 2, there are 5 binary psd matrices:

0 0 1 0 0 0 1 0 1 1

00 00 0 1 0 1 1 1)
The corresponding vectors (1, z2,y12) are (0,0,0), (1,0,0), (0,1,0), (1,1,0)
and (1,1,1), respectively. The polytope Pz is displayed in Figure 4. It is

described by the linear inequalities x1 < 1, 22 < 1, y12 > 0, y12 < 27 and
y12 < T2. U

Proposition 3 enables us to define P,, more explicitly.

Proposition 5 Forn > 3, P, is the convex hull of pairs (z,y) € {0,1}V»YEn
satisfying the following inequalities:

Yij < T (i € Vo, j € Vi \ {i}) (3)

Yik + yjk <ok + vy ({4,5) € B, k€ Vi \ {i, j}). (4)
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Figure 4: The polytope Ps

We will call the inequalities (3) and (4) variable upper bounds and triangle
inequalities, respectively.
3.2 Some elementary results

We now present some simple results about binary psd polytopes. First, we
show that they are full-dimensional:

"3

Lemma 1 Forn > 2, P, is full-dimensional, i.e., has dimension (
Proof. Consider the following extreme points of P,:
e the origin (i.e., all variables set to zero);

e for each i € V},, the point having x; = 1, and all other variables set to
Zero;

e for each {i,j} € E,, the point having z; = x; = y;; = 1, and all other
variables set to zero.

These (";1) + 1 points are easily shown to be affinely independent. O

Next, we show that the upper bounds on the x variables induce facets:

Lemma 2 For all i € V,, the upper bound x; < 1 induces a facet of Py:

Proof. The upper bound z; < 1 is satisfied at equality by the following
points:

e the point having x; = 1, and all other variables set to zero;

e for each j € V, \ {i}, the point having z; = z; = 1, and all other
variables set to zero;

e for each j € V,,\ {4}, the point having x; = x; = y;; = 1, and all other
variables set to zero;



e for each {j,k} C V,, \ {i}, the point having z; = z; = z,, = y;r = 1,
and all other variables zero.

These (”;1) points are also easily shown to be affinely independent. U

Finally, we show that facet-inducing inequalities have a special structure:

Proposition 6 FEvery inequality inducing o facet of Py, apart from the up-
per bounds x; < 1 for all i € V,,, can be written in the form bTy < o’z +c,
with a > 0 and ¢ > 0.

Proof. Clearly, any facet-inducing inequality can be written in the form
by < ax + c¢. Now, the origin belongs to P,, which shows that ¢ > 0.
Moreover, suppose that the inequality is not an upper bound. Then, for
each i € V,,, there must exist a point (z*,y*) lying on the facet, for which
xf = 0. Now, the point obtained from (z*,y*) by changing z; to 1 belongs
to P, (since changing M;; from zero to one preserves psd-ness). Therefore
a; > 0forallieV,. O

3.3 Homogeneous valid inequalities

An inequality b”y < a’z + ¢ is called homogeneous if ¢ = 0. In this subsec-
tion, we give a result concerned with homogeneous inequalities that define
facets of P,,. To do this, we need to recall the definition of the so-called
boolean quadric cone.

Let us say that a vector (z*,y*) € {0,1}V"YEn has rank one if the cor-
responding symmetric matrix M (x*, y*) has rank one. The boolean quadric
cone (sometimes called the correlation cone) is the polyhedral cone in RV»YEn
consisting of all non-negative linear combinations of rank one vectors (see
Deza & Laurent [13]). We let BQC,, denote the boolean quadric cone of
order n.

We have the following result:

Proposition 7 A homogeneous inequality is valid (or facet-inducing) for
P if and only if it is valid (or facet-inducing) for BQC,,.

Proof. It follows from Proposition 1 that every rank one vector in {0, 1}"#YEn
is an extreme point of P,, and that every extreme point of P, is a non-
negative linear combination of rank one vectors in {0, 1}V»YEn_ Therefore,
every valid inequality for BQC,, is valid for P,,, and every homogeneous valid
inequality for P, is valid for BQC,,. Now, since the origin is an extreme point
of P, a homogeneous valid inequality defines a facet of P, if and only if it
is not a convex combination of other homogeneous valid inequalities. This
is the case if and only if it defines a facet of BQC,,. g



The boolean quadric cone has been studied in depth, and many valid
and facet-inducing inequalities are known (see again [13]). We will mention
one large class of inequalities in the next subsection. For now, however, we
simply note the following corollary of Proposition 7:

Corollary 2 The following homogeneous inequalities induce facets of Py:

e The non-negativity inequalities yo > 0 for all e € E,,, when n > 2.

o The variable upper bounds (3), when n > 2.

e The triangle inequalities (4), when n > 3.

Proof. All of these inequalities are known to induce facets of BQC,,; see,
e.g., Padberg [28]. O

We will mention some non-trivial inhomogeneous inequalities for P,, in
Subsection 5.1.

3.4 Hypermetric correlation inequalities

Recall that a matrix M is psd if and only if b7 Mb > 0 for all b € R™. This
immediately implies that the following homogeneous inequalities are valid
for Pp:

i€Vn {i,j}€En

These inequalities are however dominated by the following stronger homo-
geneous inequalities, that are known to be valid for BQC,, (e.g., Boros &
Hammer [4]):

i€Vp {i,j}€En

We will follow Deza & Grishukhin [9] in calling the inequalities (5) hyper-
metric correlation inequalities.

To see that the hypermetric correlation inequalities are valid, note that
bT2(b"x —1) > 0 for any integer vector b and binary vector , and therefore
b Mb — bTdiag(M) > 0 for any symmetric rank one binary matrix M.

Since the number of hypermetric correlation inequalities is infinite, not
all of them induce facets of BQC,,. A survey of necessary and sufficient
conditions for them to induce facets can be found in [13]. We remark that
Padberg [28] characterised the facet-inducing hypermetric correlation in-
equalities with b € {0, £1}". All of the inequalities mentioned in Corollary
2 are of this type.



4 Relationships with Other Polytopes

In this section, we explain in detail how the binary psd polytopes are related
to certain other well-known polytopes in combinatorial optimisation. We
will use these polyhedral relationships to prove several new results in Section
5.

4.1 The clique partitioning polytope

The clique partitioning polytope (Grotschel & Wakabayashi [19]) is the poly-
tope associated with the Clique Partitioning Problem, mentioned in Subsec-
tion 2.3. It is defined as:

conv {y € {0, 115" ¢ yip + yju <wij + 1 (Vi 5} € Eny k€ Vi \ {i,5})}.

We will let CPP,, denote the clique partitioning polytope of order n. From
the discussion in Section 2, a vector y € {0, 1} is a vertex of CPP,, if and
only if there exists a vector z € {0,1}"" such that (z,y) € P,. Thus:

Proposition 8 CPP,, is the projection of P, onto RF~.
As an immediate corollary we have:

Corollary 3 If the inequality b"y < a”x + ¢ is valid for P, then the in-
equality by < ZieVn a; + ¢ is valid for CPP,,.

In fact, we can say something stronger.

Proposition 9 CPP,, is congruent to a face of Py.

Proof. From Lemma 2, the following n linear inequalities induce facets of
Pn:
r; <1 (Z S Vn)

Let F' be the face of P, obtained by setting these inequalities at equality,
and let (z*,y*) € {0, 1}V"YE» be an extreme point of . From the discussion
in Subsection 2.2, the edges with y;; = 1 form a clique partition. Therefore,
y* is an extreme point of CPP,,. Moreover, if y* is any extreme point of
CPP,,, we obtain an extreme point (z*,y*) of F simply by setting z} =1
for all ¢ € V,,. Thus, CPP,, is congruent to F. O

An immediate consequence of Proposition 9 is that inequalities for CPP,,
can be lifted to yield inequalities for P,,:

Proposition 10 Let by < ¢ be a facet-inducing inequality for the clique
partitioning polytope CPP,,. Then there exists at least one facet-inducing
inequality for P, of the form

Py <> awite— Y

i€V S
where a; > 0 for all i € V,.

10



4.2 The boolean quadric polytope
The boolean quadric polytope (Padberg [28]) of order n is defined as:

BQP,, = conv {(z,y) € {0,1}"9Fr + yy; = zyx; ({i,5} € E,)} .

The boolean quadric polytope, sometimes called the correlation polytope,
arises naturally in quadratic 0-1 programming, and also has many applica-
tions in statistics, probability and theoretical physics (see [13]).

Note that a pair (z*,y*) is an extreme point of BQP,, if and only if it
has rank one, i.e., if and only if M(z*,y*) is a symmetric rank one binary
matrix. Therefore, BQP, C P, C BQC,,. Together with Proposition 7, this
implies the following:

Proposition 11 BQP,, and P,, have the same homogeneous facets; i.e., an
inequality bTy < a’x is facet-inducing for BQP,, if and only if it is facet-
inducing for Pn.

In fact, the relationship between BQP,, and P,, goes deeper than this:

Proposition 12 BQP,, is congruent to a face of Ppy1.

Proof. From Lemma 2 and Corollary 2, the following n + 1 linear inequal-
ities induce facets of Ppy1:

Tpy1 <1
Yint1 <z (1€ Vp).

Let F be the face of P,,4+1 obtained by setting these inequalities at equality,
and let (z*,y*) € {0,1}Vn+1YEn+1 be an extreme point of F. From the
triangle inequalities (4) with k = n + 1 we have:

yZnJrl + y;,n+1 < x:ﬂrl + y:(] ({%]} € En)

Since by assumption z;, .y =1 and y;,, ., = «7 for all ¢, we have z7 + 2} <
1 +y;; for all {4, j} € E,. Together with the variable upper bounds (3) and
the fact that 2* is binary, this implies that y;; = 2z} for all {4, j} € E.
Thus, if we project (z*,y*) onto RV"YFr  we obtain an extreme point of
BQP,,. Using a similar argument, given any extreme point of BQP,,, one
can construct a unique extreme point of F' of which it is the projection.
Thus, BQP,, is congruent to F. O

The proof of Proposition 12 was inspired by the construction used by Lovész
& Schrijver [26] for forming SDP relaxations of 0-1 Linear Programs.

Proposition 12 implies that valid inequalities for P,41 can be converted
into valid inequalities for BQP,,, and that facet-inducing inequalities for
BQP,, can be lifted to yield facet-inducing inequalities for P,4+;1. For the
sake of brevity, we do not state these results formally.

11



4.3 The cut and multicut polytopes

Finally, we mention connections between the above polytopes and the cut
and multicut polytopes.
Given any S C V,,, the set of edges

5n(S):{{iaj}€En: i€S7j€Vn\S}

is called an edge cutset or simply cut. The cut polytope CUT,, is the convex
hull of the incidence vectors of all cuts in K,, (Barahona & Mahjoub [3]),
ie.,

CUT, =conv{y € {0, 1} :3S C V;, 1ye =1 <= e € ,(9) (Ve € E,)}.
Similarly, given any partition of V,, into sets S, ..., S, the set of edges
0n(S1,...,8) ={{i,j} € B, :1 €S, j€ S, for some p # ¢}

is called a multicut. The multicut polytope MCUT,, is defined accordingly
(e.g., Deza et al. [11]).

We now recall two important facts about the cut polytope. First, the
cut polytope CUT,,4; is the image of the boolean quadric polytope BQP,,
under an affine mapping known as the covariance mapping (see [13]). This
means that there is a one-to-one correspondence between the facets of the
respective polytopes. This correspondence is the following (De Simone [7]):

Proposition 13 Let a € R, b € RE», ¢ € REr+1 be linked by:

Cint+1 =i+ %ZjGVn\{i} bij fori € Vy,
Ce = _%be foree E,.
Given ag € R, the inequality ¢’y < ag is valid (resp. facet-inducing) for

CUTyy1 if and only if the inequality a®x + by < ag is valid (resp. facet-
inducing) for BQP,,.

Second, the cut polytope possesses a remarkable symmetry, via the so-
called switching operation [3, 12, 28]. Specifically, if an inequality of the

form
Z aelYe < B

eckEy,

induces a facet of CUT,,, then so does the ‘switched’ inequality
Z CeYe — Z QelYe < B — Z e,
e€En\d(S) e€d(S) e€d(S)

for all S C V,,. Moreover, if one is given a list of all homogeneous inequalities
that induce facets of CUT,,, then by applying switching, one can obtain a
complete linear description of CUT,,.

12



We remark that the cut polytope is also equivalent (under a simple linear
mapping) to the convex hull of the psd matrices with +1 entries [18, 23].

As for the multicut polytope MCUT,, it is not hard to see that it is
nothing but the complement of the clique partitioning polytope CPP,,. That
is, the vector y* belongs to MCUT,, if and only if the vector g, with g, =
1 —y? for all e € E,, belongs to CPP,,. This enables one to easily map
valid inequalities and facets of CPP,, onto valid inequalities and facets of
MCUT,,, and vice-versa.

Finally, we ‘complete the circle’ of results by mentioning a link between
the cut and multicut polytopes:

Proposition 14 CUT,, and MCUT,, have the same homogeneous facets.

This fact was pointed out by Deza et al. [11].

4.4 Summary of the polyhedral relationships

In Fig. 5, we summarize the relationships between the five polytopes as
established by Propositions 8 to 14. (Note that Proposition 11 is not dis-
played.) As we remarked in the introduction, the binary psd polytope P,
is the most complex of the five polytopes under discussion, in the sense
that a complete description of P, can be used to derive a complete descrip-
tion of the other four polytopes. We point out, however, that the multicut
and clique partitioning polytopes are themselves more complex than the cut
and boolean quadric polytopes: one needs only the homogeneous facets of
MCUT,,, together with the switching symmetry mentioned in the previous
subsection, to obtain a complete description of CUT,, (and therefore, by the
covariance mapping, also of BQP,,_;).

5 Consequences of the Polyhedral Relationships

In this section, we consider some implications of the polyhedral relation-
ships established in the previous section. In Subsection 5.1, we show how
inhomogeneous inequalities for binary psd polytopes can be derived from
inequalities for clique partitioning polytopes. In Subsection 5.2, we show
how new valid inequalities for the other polytopes can also be derived using
similar arguments. Finally, in Subsection 5.3, we examine the hypermetric
correlation inequalities, and some related inequalities, which will enable us
to answer an open question in the literature on the max-cut problem.

5.1 Inhomogeneous inequalities for binary psd polytopes

In Subsection 3.3, we pointed out that all homogeneous valid inequalities for
P, come from the boolean quadric cone. We now show that, using the results

13
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Figure 5: A pentagon of polyhedral relations

in Subsection 4.1, one can derive interesting inhomogeneous inequalities for
P, from valid inequalities for CPP,,.

We start with the so-called 2-chorded odd cycle inequalities of Grotschel
& Wakabayashi [19]. These inequalities, which always induce facets of CPP,,,

take the form
Zye - Zye < (’C| - 1)/27
ecC ecC

where C' C E, is the edge set of a simple cycle of odd length at least 5, and
C' is the set of 2-chords of C. It turns out that these inequalities induce
facets of Pp:

Proposition 15 All 2-chorded odd cycle inequalities induce facets of P,.

Proof. It suffices to show that the correct value for all of the lifting
coefficients «a; in Proposition 10 is zero. This is trivial for the nodes not
incident on an edge in C'. So let u be a node incident on an edge in C. We
can obtain an extreme point of P, satisfying the 2-chorded cycle inequality
at equality by setting x; to one for all nodes apart from u, and setting y. to
zero for all edges apart from (|C| — 1)/2 node-disjoint edges in the cycle C.
Since we can obtain another extreme point of P, by changing the value of
x, from zero to one, «, must be zero. O

Note that the 2-chorded odd cycle inequalities do not involve the x vari-
ables. By lifting different inequalities, however, one can obtain inhomoge-
neous inequalities that involve the x variables. We know of several examples,

14



but give just one, for the sake of brevity. One can check (either by enumer-
ation or with the aid of a computer) that the following inequality defines a
facet of CPP7:

Y12 + Y14 + Y17 + Y23 + Y34 + ya7 + 2ys7 + 2y67
—Y13 — 2Y16 — Y24 — Y27 — Y37 — 2Y45 — 2y56 < 4.

One can also check that the lifting coefficient «; is equal to 2 for node 7, and
to 0 for all other nodes. Thus, the lifted inequality has a right-hand side of
2 and involves x7.

We remark that not all inhomogeneous facets of P, can be obtained
by lifting facets of CPP,. For example, one can check that the following
inhomogeneous inequality induces a facet of P4, yet cannot be obtained by
lifting a facet of CPPy:

2y13 + 2y14 + Y23 + y2u < 14 221 + 2y12 + y34.

5.2 New inequalities for the other polytopes

Using the chain of polyhedral relationships presented in the previous section,
one can derive new valid inequalities not only for P,, but also for all of the
other polytopes mentioned.

Here is an example. Grotschel & Wakabayashi [19] introduced a class
of valid inequalities for CPP,, called 2-chorded path inequalities, which were
generalised by Sgrensen [30] as follows. Let {v1,...,v;} be a subset of V,,
with k£ > 5, and let Z be a non-empty subset of V,, \ {v1,...,v;}. Then the
inequality

k—1 Lk/2] [k/2]
Zyvi,vi+1 Zyvz,vprg + Z Zyp,’vm - Z Zypﬂ&ifl
i=1 i=1 peZ i=1 peZ
V”J S w<lk2l ()
{i,5}CZ

is valid for CPP,,, and induces a facet of CPP,, unless k is even and |Z] < 2.
Applying Proposition 10, we obtain (after some work) the following result:

Proposition 16 Suppose we take the 2-chorded path inequality (6) and re-

place the right-hand side with ZUC/% Ty, - The resulting lifted 2-chorded path
inequality induces a facet of Py if k > 5, Z # 0 and, if k is even, |Z| > 2.

Now, note that the lifted 2-chorded path inequalities are homogeneous.
Therefore, by Propositions 7 and 11, they also induce facets of the boolean
quadric cone BQC,, and boolean quadric polytope BQP,. Moreover, by
applying the covariance mapping (Proposition 13), one can obtain facet-
inducing inequalities for the cut polytope CUT,,+1. These inequalities are
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also homogeneous, and therefore (by Proposition 14), they induce facets of
the multicut polytope MCUT,,+; as well. Finally, by complementing, one
obtains facet-inducing inequalities for CPP,,4 1. As far as we know, this gives
new results for all polytopes mentioned.

As another example we consider the general 2-partition inequalities ob-
tained by Grotschel & Wakabayashi [20] for CPP,,. Actually, they describe
two classes of general 2-partition inequalities. For the sake of brevity, we
consider the ones described in [20, Theorem 3.5], as the other ones can be
treated in a similar manner. These inequalities take the form

Y E S - Y e Y ow

k=1 \i€Sy jeTUT’ 1E€ESK JESy >k {i,5}CSk
p P
- Z yij_z Z yz’j+z Zyij SZ|51<;|, (7)
{i,j}cT k=1 \{i,j}CT} i€Ty, jET' k=1

where S1,...,Sp,T1,...,Tp, T, with p > 2, are mutually disjoint subsets
of V,, such that 1 < |Sg| < |T|, for k = 1,...,p, and |T”| > 2. Applying
Proposition 10 we obtain (again after some work) the following result:

Proposition 17 Suppose we take the general 2-partition inequality (7) and
replace the right-hand side with Y% _; 3. s, Ti- The resulting lifted general
2-partition inequality induces a facet of Pp.

As in the case of the lifted 2-chorded path inequalities, we see that the lifted
general 2-partition inequalities are homogeneous. Thus, using the chain of
polyhedral relationships, one can convert the latter into new facet-inducing
inequalities for BQC,,, BQP,,, CUT,, 11, MCUT,,1; and CPP, ;.

By applying a similar argument to other known valid inequalities for
CPP,, and MCUT,,, taken from [11, 19, 20, 27, 30, 31], one can obtain
further new inequalities for the various polytopes.

5.3 On the hypermetric correlation inequalities

Now we revisit the hypermetric correlation inequalities (5). We begin by not-
ing that the hypermetric correlation inequalities for P, 1 imply, via Propo-
sition 12, the validity of the following inequalities for BQP,,:

> bi@bpprtbi—Dri+2 > bibjyiy = bpsr(L—=bny1) (Vb€ Z"H).
i€EVn {i,j}€ER
(8)

To our knowledge, these inequalities were first discovered by Boros & Ham-
mer [5]. Note that the hypermetric correlation inequalities themselves are a
special case of the inequalities (8), obtained when b, 1 = 0.
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Next, we note that the hypermetric correlation inequalities for P,_1
correspond, under the covariance mapping, to the following valid inequalities
for CUT,, and MCUT,,:

Z ;a5 Yij <0 (Va cZ™: Zai = 1). (9)

{i,j}€ER i=1

These are the well-known hypermetric inequalities, which have been studied
in depth by Deza and colleagues (e.g., [8, 10, 12, 13]).

If one applies the covariance mapping to the more general inequalities
(8) instead, one obtains the following inequalities for CUT,,:

> aiagyi < o(a)?/4]  (Ya € Z": o(a) 0dd), (10)
{i,7}€ER

where o(a) = >,y a;. These inequalities, which include the hypermetric
inequalities as a special case, are also well-known in the literature on the
cut polytope [2, 13]. We will call them rounded psd inequalities.

We now present three new results. The first result, inspired by Propo-
sition 12, is that the separation problem for the Boros-Hammer inequalities
(8) can be reduced to the separation problem for the hypermetric correlation
inequalities (5):

Proposition 18 Given a vector (x*,y*) € [0,1]V"YFn let (Z,9) € [0, 1]Vn+1UEn+1
be defined as follows. Let x; = x] fori € V,, but let Tpy1 = 1. Let Je =y

for e € E,, but let §iny1 = xf for i € V,. Then (z*,y*) satisfies all
Boros-Hammer inequalities (8) if and only if (Z,7) satisfies all hypermetric
correlation inequalities (5).

Proof. Suppose that (Z,7) violates a hypermetric correlation inequality.
Then there exists a vector b € Z"*! such that

Z bl(bl — 1)"%1‘ + 2 Z blbjﬂzj < 0.
1€Vha1 {t,j}€En+1
From the construction of (Z,¢) this implies that:
Z bi(2bn41 + b; — 1)1’? + 2 Z blbjyf] < bi(1=1b).
1€V {i,j}€EN
That is, (z*,y*) violates a Boros-Hammer inequality. The reverse direction

is similar. O

Our second result is that the separation problem for the rounded psd in-
equalities (10) can be reduced to the separation problem for the hypermetric
inequalities (9). (In fact, this follows from Proposition 18 and the covariance
mapping. Nevertheless, we give an independent constructive proof, for the
sake of clarity.)
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Proposition 19 Given a vector y* € [0,1], let i € [0,1]F+1 be defined
as follows. Let §e = y; for e € Ey, but let Yint1 =1 —y;,, fori € Vy_q,
and let Gn nt1 = 1. Then y* satisfies all rounded psd inequalities (10) if and
only if § satisfies all hypermetric inequalities (9).

Proof. Suppose that § violates a hypermetric inequality. Then there exists
a vector @ € Z™t! such that E?:Jrll a; = 1 and such that Z{i,j}eEn+1 a;a;Y;j >

0. Now define a vector a* € Z" as follows: af = a; for ¢ = 1,...,n —
1, and a), = @p — Gp+1. One can check that Z?Ill a’ is odd and that
> (i} EEn ajajy;; > 0, and therefore y* violates a rounded psd inequality.

The reverse direction is similar. O

In one sense, Propositions 18 and 19 do not help much, since the com-
plexity of hypermetric separation is a long-standing open problem (see, e.g.,
Deza & Laurent [13] and Avis [1]). They do however imply that a separation
heuristic for any of the four classes of inequalities can be easily converted
into separation heuristics for the other three classes. Moreover, Proposition
19 can be used to prove the following result:

Corollary 4 The rounded psd inequalities (10) define a polytope. (That is,
although the inequalities are infinite in number, there exists a finite subset
of them that dominates all the others.)

Proof. The hypermetric inequalities were shown to define a polyhedral
cone by Deza et al. [10]. Now, Proposition 19 shows that the convex set
defined by the rounded psd inequalities can be obtained by intersecting the
hypermetric cone in R¥»+1 with the affine space defined by the equations
Yin+Yint1 = 1 fori € V;,_1 and the equation y, »+1 = 1, and projecting the
resulting polyhedron onto RF». The convex set is therefore a polyhedron.
Moreover, it is bounded, since the inequalities 0 < y. < 1 for all e € E,, are
themselves rounded psd inequalities. O

This answers in the affirmative a question raised by Avis & Umemoto [2].
To close this section, we note that the hypermetric correlation inequali-
ties (5) imply, via Corollary 3, the following inequalities for CPP,,:

1 n
Z bibjyij > B Z bi(L—0b;)  (VbeZm).
{i,]}EEn 1€V

These inequalities generalise the weighted (s, T')-inequalities of Oosten et al.
[27]. Moreover, if we complement them, we obtain the following inequalities
for MCUT,,:

> bibjyiy <o(b)(o(b) —1)/2 (Vb eZ).
{i.}€En
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The validity of these inequalities for MCUT,, was observed by Deza & Lau-
rent [13] (p. 465). Note that they generalise the hypermetric inequalities
(9), but they are generally weaker than the rounded psd inequalities (which
are not valid in general for MCUT,,).

6 Conclusions

We have shown that the binary psd matrices are easily characterised and
have a natural graphical representation. We have also shown that binary
psd polytopes form an interesting family of ‘master polytopes’, that enable
one to easily derive both known and new results for several other families
of integer polytopes. We therefore believe that the binary psd polytopes
deserve further attention.

One interesting topic for future research would be to study the complex-
ity of the separation problem for various valid inequalities for binary psd
polytopes. Positive separation results in this area would of course imply
positive separation results for the other polytopes as well. A major open
question is the complexity of separation for the hypermetric correlation in-
equalities and their variants.
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