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Abstract

Non-Convex Quadratic Programming with Box Constraints is a fun-
damental A"P-hard global optimisation problem. Recently, some au-
thors have studied a certain family of convex sets associated with this
problem. We prove several fundamental results concerned with these
convex sets: we determine their dimension, characterise their extreme
points and vertices, show their invariance under certain affine transfor-
mations, and show that various linear inequalities induce facets. We
also show that the sets are closely related to the Boolean quadric poly-
tope, a fundamental polytope in the field of polyhedral combinatorics.
Finally, we give a classification of valid inequalities, and show that this
yields a finite recursive procedure to check the validity of any proposed
inequality.

Keywords: non-convex quadratic programming — global optimisation
— polyhedral combinatorics — convex analysis.

1 Introduction

Non-Convex Quadratic Programming with Box Constraints (QPB) is the
problem of minimising a non-convex quadratic function of a set of variables,
subject to lower and upper bounds on the variables. A QPB instance with
n variables takes the form:

min{cTac—i—:nTQx: [ <z <u, xGR”},

where z is the vector of decision variables, ¢ € R"™ is the vector of linear
costs, @ € R™™ is the matrix of quadratic costs and [ € R"” and v € R™ are
the vectors of lower and upper bounds, respectively.
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Figure 1: The convex set QPB;.

As usual in the literature, we assume throughout this paper that the box
constraints take the simple form 2 € [0, 1]”. Any instance not satisfying this
property can be easily transformed into one that does.

QPB, which is N'P-hard, is regarded as a fundamental problem in global
optimisation (see Horst et al. [14]). A survey of research on QPB up to 1997
was given by De Angelis et al. [7]. More recent relevant papers include
Yajima & Fujie [31], Vandenbussche & Nemhauser [29, 30], Burer & Van-
denbussche [6], Anstreicher [1] and Anstreicher & Burer [3].

It is common practice to linearise the objective function by introducing,
for 1 <14 < j < n, a new variable y;;, representing the product z;z;. The
non-convex constraints y;; = x;x; can then be approximated by either linear
constraints (as in [25, 29, 30, 31]) or conic constraints (as in [1, 3, 6]).

In order to derive stronger relaxations in the (z,y)-space, it is natural
to study the convex hull of feasible solutions to the problem, i.e., the set

QPB, = conv{(z,y) € [0, ("5 + yyy =iy (M1 <i<j<n)}.

Note that QPB,,, though convex, is not polyhedral even for n = 1: see
Figure 1. Although a few authors have studied QPB,, explicitly [1, 3, 31],
many fundamental questions about its structure remain unanswered. (For
example, a complete linear description of QP B3 is not known [3].) The goal
of this paper is to understand QPB,, better.

The structure of the paper is as follows. In Section 2, we review the
relevant literature. In Section 3, we explore some fundamental properties
of QPB,: its dimension, extreme points, vertices and affine symmetries. In
Section 4, we consider the so-called RLT and psd inequalities, and determine
the dimension of the corresponding faces of QP B,,. In Section 5, we establish
a connection between QP B,, and the so-called Boolean quadric polytope, a



Figure 2: Region defined by RLT inequalities when n = 1.

fundamental polytope in the field of polyhedral combinatorics. This yields
a huge class of facet-inducing inequalities for QP B,,. In Section 6, we give a
‘classification’ of valid inequalities, and show that it yields a finite procedure
to check the validity of any proposed inequality. We also use it to explore
the structure of QP Bs. Finally, concluding remarks are given in Section 7.

We assume throughout that the reader is familiar with the basics of poly-
hedral theory (see Nemhauser & Wolsey [18] or Schrijver [24]) and convex
analysis (see Hiriart-Urruty & Lemaréchal [12]).

2 Key Concepts from the Literature

Some key concepts from the literature are now explained.

2.1 The RLT inequalities

It is well known that the constraint y;; = z;x;, together with the bounds
0<z; <1land 0 <z; <1, imply the following four linear inequalities:

Yij > 0, yij <@, yij < x5, Yij > x +xj— 1.

These inequalities remain valid when ¢ = j, in which case the second and
third of them coincide. They have come to be known as RLT inequalities,
because they can be derived using the so-called Reformulation-Linearisation
Technique of Sherali & Adams [25].

Replacing the constraints y;; = x;x; with the RLT inequalities, we ob-
tain a Linear Programming (LP) relaxation of QPB. See Figure 2 for an
illustration, again for the trivial case n = 1.



Figure 3: Region defined by RLT inequalities with 7 # j when n = 2.

In Figure 3, we display the polytope defined by the RLT inequalities
with i # j, for the case n = 2. Here, the variables y;1; and 392 have been
omitted. McCormick [17] pointed out that this polytope is equal to the
following convex hull:

conv {(z1,22,y12) € [0,1]° 1 y12 = 2122} .

We will see in Subsection 2.4 that this polytope is nothing but the Boolean
quadric polytope for n = 2.

2.2 Using positive semidefiniteness

The idea of applying Semidefinite Programming to non-convex quadratic
programs is due to Shor [28] (see also Lovéasz & Schrijver [16]). The idea
is as follows. We begin by defining the n x n symmetric matrix ¥ = zz’.
Note that, for any 1 <1i < j < n, Y;; = y;;. We also define the augmented

matrix -
=)0 =0 v)
) \x r Y

Since Y is defined as the product of a vector and its transpose, we should
have Y > 0 in a feasible solution (i.e., ¥ should be positive semidefinite).
It is well-known that imposing Y = 0is equivalent to imposing Y —za! >
0, which in turn amounts to imposing the convex quadratic constraints
b'Yb > (bT'x)? for all b € R"™. Moreover, as first noted by Ramana [21],
Y = 0 if and only if:
1Yo+ (2s)vlz+ 52 >0

for all vectors v € R" and scalars s € R. This is equivalent to imposing the
following linear inequalities:

n
(23)1}Tx + vaym' +2 Z ViV Yi + $2>0 (Vv e R", s € R). (1)
i=1 1<i<j<n



We will call these (1) psd inequalities. Note that the RLT inequalities y;; > 0
and y; > 2x; — 1 are psd inequalities.

Imposing Y =0 strengthens the RLT relaxation of QPB considerably
[1, 6, 26, 31]. When n = 1, the relaxation is exact: Figure 1 shows that
QPB; is completely described by the RLT inequality y11 < z; and the
convex quadratic constraint yi; > x2. Anstreicher & Burer [3] showed that
the relaxation is exact if and only if n < 2. For n = 3, they found the
following four inequalities, which are valid for QPB3 but cut off points

satisfying the RLT and psd constraints:

[\

Y12 + Y13 +y23 + 1
2x1 + 22 + 23 + Y23

Y11 + Y22 + Y33
Y11 + Y22 + Y33 + Y12 + Y13
Y11 + Y22 + Y33 + Y12 + Y23
Y11 + Y22 + Y33 + Y13 + Y23

1 + 2x2 + 23 + Y13
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1 + x2 + 223 + Y12.

2.3 QPB as a generalisation of UBQP

A folklore result, possibly due to Rosenberg [23], is that QPB includes Un-
constrained Boolean Quadratic Programming (UBQP) as a special case. An
instance of UBQP takes the form

min {ch +27Qz: z € {0, 1}”} )

where ¢ € R" and Q € R™ " as before. To reduce a UBQP instance to
a QPB instance, it suffices to add the penalty term M >_"  (x; — 22) to
the objective function, where M is a large positive integer. Note that the
resulting QPB instance has a concave objective.

Another folklore result (e.g., Barahona et al. [4], De Simone [8], Padberg
[19]) is that UBQP is equivalent to the well-known maz-cut problem. Since
the max-cut problem is N'P-hard in the strong sense (Garey et al. [11]), so
is UBQP, and therefore so is QPB, even in the concave case.

2.4 The Boolean quadric polytope

Padberg [19] associated a family of zero-one polytopes with UBQP, which
he called Boolean quadric polytopes. The Boolean quadric polytopes are
defined as:

BQP,, = conv {(:v,y) € {0, 1}n+(§) cyij =iy (V1<i<j< n)} .

Note that, unlike in the case of QPB, there are no variables y;;. (There is

no need for them, since x? = x; when z; is binary.) We remark that BQ P,

is nothing but the polytope presented in Figure 3.



In addition to the RLT inequalities, Padberg defined various facet-inducing
inequalities for BQP,, called triangle, clique, cut and generalized cut in-
equalities. The triangle inequalities consist of the following inequalities for
all triples (i, j, k):

T +x;+x)

Yij + Yik

Yij + Yik + yjr + 1 (6)

<
< x;+ Yjk- (7)

We remark that the inequalities (2)—(5) are dominated by triangle inequal-
ities.

Further valid inequalities for BQ P,, have been introduced, for example,
by Boros & Hammer [5] and Sherali et al. [27]. Still more inequalities can
be derived from the fact that BQF, is an affine image of the well-known cut
polytope (see De Simone [8] and Deza & Laurent [10]).

Yajima & Fujie [31] proved that all of the inequalities of Padberg, along
with some more general inequalities called cut-type inequalities, are valid for
QPB,, as well as for BQP,. We extend this result significantly in Section 5.

3 Fundamental Properties of QPB,,

In this section, we establish some fundamental properties of Q PB,,. Through-
out the section, we denote by S the set of all feasible solutions to QPB, in
the extended (z,y)-space. That is:

"3

S:{(az,y)e[O,l}”Jr( D Yij = Tix (Vlgigjgn)}.

Note that & contains an uncountable number of members.

3.1 Dimension

We begin by determining the dimension of QP B,,.

Lemma 1 QPB, is full-dimensional (i.e., of dimension n + (";rl))
Proof. Consider the following members of the set S:

e the origin (i.e., all variables set to zero);

e for i =1,...,n, the point having x; = y;; = 1, and all other variables
Z€Ero;
e for ¢ = 1,...,n, the point having z; = %, Yii = i, and all other

variables zero;

o for 1 <i < j < n, the point having x; = z; = 1, yis = yj; = vi; = 1,
and all other variables zero.



These n + (";rl) + 1 points are easily shown to be affinely independent. [

Being full-dimensional is a desirable property to have, because it means
that each face of maximal dimension is defined by a unique linear inequality
(up to scaling by a constant).

3.2 Extreme points and vertices

Next, we recall some other terms from convex analysis. Let K € R? be a
full-dimensional convex set. An extreme point of K is a point in K that
cannot be expressed as a convex combination of other points in K. A vector
v € R? is said to be normal at an extreme point p if vTp’ < vTp for all
p’ € K. If there exist d linearly-independent normal vectors at p, then p is
called a vertex of K.

Laurent & Poljak [15] characterised the extreme points and vertices of
the set of correlation matrices. Here, we do the same for QPB,,.

Lemma 2 The extreme points of QP By, are the members of S.

Proof. By definition, every extreme point of QPB,, is a member of S. We
show that every member of S is an extreme point. Let (Z,y) be an arbitrary
point in §. Consider the QPB instance that arises when the objective func-
tion is equal to Y &, (7 — 2%;x;). Minimising this function is equivalent to
minimising Y -, (z; — ;)2. Therefore, Z is the unique optimal solution to
the given instance. Equivalently, (zZ,y) is the unique point in QPB,, that
minimises the linear function Y. ;(yi; — 2%;x;). Thus, (Z,7) an extreme

point of QPB,,. O

Figure 1 enables one to visualise this result for the case n = 1: the members
of § form a segment of a parabola, and it is clear that every point on that
parabola segment is an extreme point of QPBj.

Theorem 1 An extreme point (Z,y) of QP By, is a vertez if and only if it
is binary, i.e., if and only if T € {0,1}".

Proof. First we prove sufficiency. Let (Z,y) be a member of S that is
binary. Assume without loss of generality that z; = 0 for ¢ = 1,...,¢q
and 7; = 1 for i = ¢+ 1,...,n. Then (Z,y) satisfies the following valid
inequalities at equality:

e x; >0fori=1,...,q;
o p; <lfori=q+1,...,n
o y; >0forl1<i<gandi<j<n;

oy <lforg+1<i<j<n.



These inequalities are linearly-independent and there are n + ("'QH) of them.

Thus there exist n + (";1) independent normal vectors at (zZ,y). So (Z,7)
is a vertex.

Now we prove necessity. Let (Z,y) be an extreme point and suppose that
Zr € (0,1) for some k. Let € be a small positive quantity. If we increase
xy by €, we obtain a second extreme point, say (z,y™), that is identical to
(Z,y) except that:

° x,": is increased by e,

e y;i is increased by ez; for all i # k,
. y,jk is increased by 2ezy, + €2.

Similarly, we can create a third extreme point, say (z~,y~ ), by decreasing
x by €.

Now let (v,w) be a normal vector at (Z,y). By definition, we must
have vTat + wlyT < 0Tz + w'y and vT2™ + wly™ < vz + w’'y, where
wlyt = Zlﬁiéjén w,-jy;;- and wly~ and w”y are defined similarly. But
this implies that the following two inequalities must hold:

O + 3 iap Tiwik + (2% + wg, <0

—Uk — Dz, Tiwik — (22 — wgr < 0.

Since € can approach zero arbitrarily closely, this implies that all normal
vectors satisfy the equation

Vi + Ziiwik + 2xpwy = 0.
i#k

n+1

M ) linearly-independent normal vectors. [J

Thus, there cannot exist n + (

Indeed, in Figure 1 one sees that there are only two vertices, namely the
points at which z; € {0,1}.

3.3 Invariance under permutation and switching

It is known (see, e.g., Deza & Laurent [10]) that BQP, is invariant under
two transformations, called permutation and switching. Here, we adapt these
concepts in a straightforward way to QPB,.

Definition 1 (Permutation) Let = : {1,...,n} — {1,...,n} be an ar-
n+1
bitrary permutation. Consider the linear transformation ¢™ : R"+( 3) -

R*("3") that:

e replaces x; with T for all i € {1,...,n},



o replaces yij with Yr (i) ;) for all1 <i < j <n.
By abuse of terminology, we call this transformation itself a permutation.

Definition 2 (Switching) For an arbitrary set S C {1,...,n}, let ¥° :
n+1 n+1
RH("2) — R7("2") be the affine transformation that:

o replaces x; with 1 — x; for alli € S,

e replaces yy; with 1 — 2x; 4+ yi; for all i € S,

o replaces y;; with x; — y;5 for alli e {1,...,n}\ S and all j € S,
o replaces y;; with 1 — x; — x5+ yij for all {i,5} C S,

e leaves all other z; and y;; variables unchanged.

Applying the transformation ¥° is called switching (on S).

It is obvious that QPB,, is invariant under permutation. (That is, for
any n and any permutation m of {1,...,n}, we have ¢"(QPB,,) = QPB,.)
We now show that the same holds for switching:

Proposition 1 QPB,, is invariant under switching. That is, for any n and
any S C {1,...,n}, v3(QPB,) = QPB,,.

Proof. Let (Z,y) be an extreme point of QPB,,. From Lemma 2, we have
Uij = T;%j for all 1 < i < j < n. Now let (Z,7) = ¥5(z,7). From the
definition of switching, one can easily show that 0 < z; < 1 for 1 < i < n,
and that g;; = #;%; for 1 <14 < j < n. Thus, from Lemma 2, (Z,7) is an
extreme point of QPB,,. This shows that every extreme point of 1°(QPB,,)
is an extreme point of QPB,,. A similar argument shows that every extreme
point of QPB,, is an extreme point of ¥¥(QPB,). Since ¢°(QPB,) and
QPB,, are convex and have the same extreme points, they are equal. O

Just as in the case of BQF,, the permutation and switching transforma-
tions enable one to convert valid linear inequalities into other valid linear
inequalities that induce faces of the same dimension. For example, if we
take the RLT inequality y;; > 0 and switch on {i} or {j}, we obtain the
RLT inequalities y;; < x; and y;; < z;, respectively. If we switch on {i, 7},
we obtain the RLT inequality y;; > z; +x; — 1.

Note that the permutation transformation, unlike switching, is an isom-
etry (that is, it preserves distances and angles). It is known that the per-
mutations are the only isometries of BQP, (see [10], p. 410). It is not hard
to show that the same holds for QPB,.



4 On the RLT and psd inequalities

In this section, we examine the RLT and psd inequalities. In Subsection
4.1 we show that most of the RLT inequalities induce facets of QPB,. In
Subsection 4.2 we show that the psd inequalities induce, not facets, but faces
of high dimension. As a by-product of our analysis, we obtain an ‘extension’
result, which is presented in Subsection 4.3.

4.1 The RLT inequalities
We now show that most of the RLT inequalities induce facets of QPB,,:

Proposition 2 The RLT inequalities of the form y; < x; induce facets of
QPB,, and so do all of the RLT inequalities with i # j (when n > 2).

Proof. An RLT inequality of the form y;; < x; is satisfied at equality by
all but one of the n + (”;1) + 1 vectors listed in the proof of Lemma 1.
(Indeed, the only vector that does not satisfy it at equality is the one that
has x; = 1/2 and y;; = 1/4.) The same is true for an RLT inequality of
the form y;; > 0 with j # 4. (Indeed, the only vector that does not satisfy
it at equality is the one that has x; = x; = y;; = 1.) The remaining RLT
inequalities with j # i are switchings of this latter inequality, and therefore
they too induce facets. O

The only remaining RLT inequalities are those of the form y; > 0 and
yii > 2x; — 1. Since these RLT inequalities are also psd inequalities, we deal
with them in the next subsection.

4.2 The psd inequalities

Next, we will determine the dimension of the faces of QQ PB,, induced by the
psd inequalities (1). We will find the following (trivial) lemma useful:

Lemma 3 An extreme point (z,y) of QPB,, satisfies a psd inequality (1)
at equality if and only if it satisfies the equation vix + s = 0.

We will also find it helpful to let F(v,s) denote the face of QP B,, induced
by the psd inequality, and K (v, s) denote the set of associated x vectors.
That is:

F(v,s) = {(z,y) € QPB,:v 2z +s=0}
K(v,s) = {z€0,1]" vz +s=0}.

It turns out that the dimension of K (v, s) plays a key role:

Lemma 4 If the dimension of K(v,s) is less than n — 1, then the psd in-
equality (1) is dominated by the RLT inequalities.

10



Proof. If the dimension of K(v,s) is —1 (i.e., K(v,s) = 0), the psd
inequality does not even induce a non-empty face and the result is trivial.
So suppose that the dimension is between 0 and n—2. In this case, since the
equation v”z + s = 0 defines an affine subspace of dimension n — 1, K (v, s)
must be contained in the boundary of [0, 1]™ and hence induces a face of the
hypercube that is not a facet. By switching, we can assume that the face
contains the origin. This implies that s = 0 and v € R} UR”. (Indeed, if
v contained a mixture of positive and negative entries, then K (s,v) would
have dimension n — 1, a contradiction.) The psd inequality is then easily
shown to be a non-negative linear combination of the RLT inequalities of
the form y;; > 0. O

When the dimension of K(v,s) is n — 1, on the other hand, the psd
inequality induces a face of high dimension:

Theorem 2 If K(v,s) has dimension n — 1, then F(v,s) has dimension
+1

(nz ) -1

Proof. First we show that the dimension of F(v,s) is at most (”;rl) - 1.

From Lemma 3, all extreme points of F(v, s) satisfy the equation v’z + s =

0. Multiplying this equation by each variable in turn, and then using the

identities y;; = x;x;, we obtain n additional equations of the form:

n

Zvjyij+sa:i20 (it=1,...,n).
j=1

These n + 1 equations are easily shown to be linearly independent. The
upper bound on the dimension then follows from Lemma, 1.

Now we show that the dimension of F(v, s) is at least (";1) —1. Let z* be
an arbitrary point lying in the relative interior of K (v, s). Let v!,...,v" ! €
R™ be a set of vectors that are orthogonal to each other and to v. Finally,
let € be a small positive quantity. Consider the following (";1) — 1 vectors
in [0, 1]™:

*

.,fL',
e ¥ +ev forr=1,...,n—1,
o ¥+ 2" forr=1,...,n—1,

o ¥+ e(v" +v¥)forl<r<s<n-—1.
All of these vectors lie in K(v,s). The corresponding (";1) — 1 extreme
points of QP B,, therefore lie in F(v,s). They can be shown to be affinely-
independent. U

11



Now note that, when the dimension of K(v,s) is n — 1, we have two
possibilities: either K (v, s) contains an interior point of the unit hypercube
(i.e., there exists some x* € (0,1)" such that v72* + s = 0), or K(v,s) is a
facet of the unit hypercube. In the latter case, the psd inequality is nothing
but an RLT inequality of the form y; > 0 or y;; > 2z; — 1. Thus, those
particular RLT inequalities do not induce facets of QPB,,.

Using known results on the positive semidefinite cone (see, e.g., Pataki
[20]), one can also show the following. We omit the proofs for brevity.

Proposition 3 If K(v,s) contains an interior point of the hypercube, then
F(v,s) is a mazimal face of QPB,, (i.e., it is not contained in any other
face). Moreover, the psd inequality is non-dominated (i.e., it is not a convex
combination of other valid inequalities).

Proposition 4 If K(v,s) is a facet of the hypercube (i.e., if the psd in-
equality is an RLT inequality), then F (v, s) is contained in the facet induced
by an RLT inequality of the form y;; < x;. Yet, the psd inequality is still
non-dominated.

This last result may seem counter-intuitive, but is also apparent in Figure
1 for n = 1. Specifically, taking (v,s) = (1,0), we have K(v,s) = {0} and
F(v,s) ={(0,0)}, and the associated psd inequality is the RLT constraint
y11 > 0. The facet induced by y11 < z1 is {(z,y) € [0,1]? : 2 = y}, which
contains F'(v, s). However, y11 > 0 is still non-dominated because it cannot
be written as the convex combination of other valid (linear) inequalities.

4.3 Canonical extension

Our analysis of the psd inequalities led to us to derive an additional result,
that we describe in this subsection. Our starting point is the fact that, if
the linear inequality

n
S+ Y By <7
i=1

1<i<j<n

is valid for QPB,, then it is also valid for QPB,,, for any n’ > n. That
is to say, given any valid inequality for QPB,, we can construct a valid
inequality for QP B, simply by introducing zero coefficients for the addi-
tional variables. Padberg [19] called the resulting inequality the ‘canonical
extension’ of the original inequality.

To explain our result, we will find it helpful to use the term co-dimension:
a face of QPB,, has co-dimension k if it has dimension n + (”;“1) +1-—k.
(Thus, the co-dimension of a facet is 1, and the co-dimension of a psd in-
equality is at least n+1.) Our result essentially states that the co-dimension

12



of the canonical extension of an inequality is identical to the co-dimension
of the original inequality.
We will need the following lemma:

Lemma 5 Suppose that F' is a face of QPB, whose co-dimension is no
more than n. Then F contains n + 1 extreme points, say (z¥,y*) for k =
1,...,n+ 1, such that the vectors x*,...,z"t" are affinely independent in
R™.

Proof. If this were not so, then the face would satisfy an equation of the
form vT2 = s. The face would then be contained in the face induced by a
psd inequality, and therefore have co-dimension at least n + 1. O

With this lemma, we can prove the following theorem:

Theorem 3 Suppose that the linear inequality

n
Zaiwi + Z Bijyij <y
i—1 1<i<j<n
induces a face of QP B, of co-dimension k, where 1 < k < mn. Then it also
induces a face of QPB,, of co-dimension k, for all n’ > n.

Proof. By induction, it suffices to prove that the inequality induces a
face of QPByy1 of co-dimension k. Let F' be the original face of QPB,
and let F’ be the face of QPB4 induced by the inequality. Since F' has
co-dimension k, it contains n + (";“1) + 1 — k affinely-independent extreme
points of QPB,,. Each of these can be converted into an extreme point of
QPDB,, 1 by setting x,4+1 = 0 and y;,41 = 0 for i = 1,...,n + 1. In this
way, one obtains n + (n;rl) + 1 — k affinely-independent extreme points of

QPB,, 1 that lie in F’. To complete the proof, we need another n + 2 such

points.

Let z',..., 2" € R™ be the vectors mentioned in Lemma 5. We con-
struct n + 1 modified vectors in R"*!, say z!,..., 2", by setting:

e iF=aFfork=1,....n+1landi=1,...,n,

° jﬁﬂ =lfork=1,...,n+1.
Now note that, for £k = 1,...,n + 1, we can construct an extreme point
(%, %) of QPB,, 11 that lies in F'. These n + 1 extreme points, together

with the original n + (";1) + 1 — k ones, are easily shown to be affinely

independent.

Finally, we construct one more extreme point of QPB,, 11 as follows. Let
7 be identical to Z', apart from the fact that Z,,,1 = 1/2. The corresponding
extreme point of QPBy,11, say (Z,7), also lies in F’. Tt is affinely indepen-
dent of the other points mentioned, since it is the only one that does not
satisfy the equation ¥n41n4+1 = Tnt1. O

13



5 Facets from the Boolean Quadric Polytope

As mentioned in Subsection 2.4, Yajima & Fujie [31] proved that certain
valid inequalities for BQ P, are valid also for QPB,. In this section, we
extend this result in several ways.

5.1 BQP, as a projection of QPB,

Recall that QPB, and BQP, ‘live’ in R ("3") and R”+(g), respectively.
The following proposition states that the projection of QPB,, onto R+(3)
is nothing but BQP:

Proposition 5 The projection of QP B, onto R’H(;), i.e., the set
CO”“{(%?J) e 0,17+ ; Yij =z (1 <i<j< n)}7
s equal to BQP,.

Proof. Let (z,y) € [0, 1]’”(75) lie in the projection, and suppose that T
is fractional, i.e., that Z; € (0,1) for some 1 < k < n. Let 2° and 2! be
the vectors obtained from T by changing x; to 0 or 1, respectively, and let
(2°,9°) and (2!, y') be the corresponding points in the projection. (That is,
let y?j = x?x? and yilj = :cllle for 1 <i < j <n.) Finally, let A = Zx. One
can check that:

T, =i+ (1-Nz) (i=1,...,n)

By = wh+ (-l (1<i<j<n)

Thus, (Z,y) is a convex combination of other points in the projection, and
therefore cannot be an extreme point of the projection. Therefore, all ex-
treme points of the projection are binary, and the projection is nothing but
BQP,. O

Proposition 5 implies that, if one faces an instance of QPB in which the
main diagonal of the quadratic cost matrix () is zero, then one can assume
that the variables are binary (and therefore solve an instance of UBQP). For
our purposes, the following consequence is more important:

Corollary 1 If the linear inequality

n
Zaiﬂci + Z Byi; <y
i1

1<i<j<n

s valid for BQP,, then it is valid for QPB,, as well.
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This implies the above-mentioned result of Yajima & Fujie [31].

From now on, we let proj(x,y) denote the linear operator that projects
points in R ("3") onto R”Jr(g), by simply dropping the components y;; for
all 1 < ¢ < n. The following proposition shows that there is another link
between QPB,, and BQPFP,:

Proposition 6 Let F' be the face of QPB,, defined by the equations y; = x;
for all i. Then proj(F') = BQP,.

Proof. The only members of S that satisfy y;; = x; for all ¢ are the binary
ones. Thus, the extreme points of F' are the binary members of S. Since
proj(F') is the convex hull of the projections of these binary members, it is
equal to BQPF,. O

Thus, BQPF, is simultaneously a projection of QPB,, and a projection
of a face of QPB,,. This fact too can be seen clearly in Figure 1: whether
we project the whole of QP B or just the face F' onto R, we still obtain the
line segment defined by 0 < z; < 1.

5.2 Which BQP facets yield QPB facets?

Corollary 1 has established that an inequality, which is valid for BQF,,, may
be extended to a valid inequality for QP B,, by simply introducing zero coef-
ficients for the additional variables. Even though these two inequalities act
in different spaces, we think of them—and for convenience refer to them—as
the same inequality. We ask the reader to keep this terminology in mind for
the proper interpretation of Lemma 6 and Theorem 4 below.

The RLT inequalities with j # i are examples of inequalities that induce
facets of both BQP,, and QPB,,. In this subsection, we give a necessary and
sufficient condition for an inequality to have this property. We will need the
following lemma:

Lemma 6 Suppose we are given an inequality that induces a face of BQP,.
Moreover, let (Z,y) be a member of S, and suppose that Zy, € (0,1) for some
1 <k <n. Let (2°,94°) and (z',y") be defined as in Proposition 5. Then
(z,7) satisfies the inequality at equality if and only if (z°,y°) and (2, y')
do.

Proof. As in the proof of Proposition 5, proj(z, 7) is a convex combination
of proj(x?,4°) and proj(x!,y!). Thus, the slack of the inequality at (z,7) is
a convex combination of the slacks of the inequality at (z°,4°) and (2!, y*).

0

We then have the following result:
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Theorem 4 Suppose an inequality induces a facet of BQP,. A necessary
and sufficient condition for it to also induce a facet of QP B, is the existence
of n extreme points of QPB,,, say (x',y'),..., (2™, y"), such that:

e cach satisfies the inequality at equality;
e 2t € (0,1) fori=1,...,n.

o x?G{O,l}forizl,...,n and j # i.

Proof. First we prove necessity. For any i € {1,...,n}, there must exist an
extreme point of Q PB,, that lies on the face and such that x; is fractional. (If
this were not so, then all extreme points of QPB,, lying on the face would
satisfy the RLT inequality y; < x; with equality.) Now, by a repeated
application of Lemma 6 with k # ¢, we can convert the ith such point into
the desired point (z%,y").

Next we prove sufficiency. Since the inequality induces a facet of BQF,,
there exist n + (g) affinely-independent binary extreme points of QPB,
lying on the face. For the inequality to induce a facet of QPB,, one
needs an additional n affinely-independent extreme points. To see that
(x',yY),..., (2" y") are the desired points, note that, for any 4, the point
(2%, %) is the only point in the collection that does not satisfy the equation
Yii = Tj. U

It is possible to express the condition in Theorem 4 entirely in terms of
BQP,:

Corollary 2 Suppose an inequality induces a facet of BQP,. A necessary
and sufficient condition for it to also induce a facet of QP B, is that there ex-
ist 2n vertices of BQP,, say (z',4Y),..., (", ") and (2',9'),..., (2", 9"),
with the following properties:

e cach satisfies the inequality at equality;

e z;=0and ;=1 fori=1,...,n.

Proof. To create the desired vertices of BQF,, it suffices to take the n
extreme points of QPB,, described in Theorem 4, decompose each of them
into two binary extreme points of QPB, as in Lemma 6, and then project

the resulting 2n extreme points onto R (3, O
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5.3 A huge class of facets

To illustrate the ideas given in the previous subsection, we now consider a
well-known class of valid inequalities for BQP,,, due to Boros & Hammer
[5], and derive a surprisingly simple necessary and sufficient condition for
them to induce facets of QPB,,. The class of inequalities concerned is given
in the following proposition:

Proposition 7 (Boros & Hammer [5]) For any v € Z" and s € Z, all
extreme points of BQP, satisfy (vIx + s)(vlz + s —1) > 0. Thus, the
mequality

n

Z Uz’(vi + 25 — l)a:i + 2 Z ViV Yij > 8(1 — 8) (8)

i=1 1<i<j<n
is valid for BQP,.

The inequalities (8) do not always induce facets of BQP,, but they
do under certain conditions (see De Simone [9] and Deza & Laurent [10]).
Moreover, they include a variety of facet-inducing inequalities for BQP,
as special cases. This includes the triangle, clique, cut and generalized cut
inequalities of Padberg [19], and the inequalities introduced in Sherali et al.
[27], which were called cut-type inequalities by Yajima & Fujie [31]. The
cut-type inequalities are the special case obtained when v € {0,+1}", and
induce facets under mild conditions.

As mentioned in Subsection 2.4, Yajima & Fujie [31] proved that the
cut-type inequalities are valid for QPB,,. We now give a much stronger
result:

Theorem 5 Suppose that an inequality of the form (8) induces a facet of
BQP,. It induces a facet of QPB,, as well if and only if v € {0, £1}", i.e.,
if and only if it is a cut-type inequality.

Proof. It follows from the derivation of the inequality (8) that a vertex of
BQP, satisfies it at equality if and only if it satisfies v’z + s € {0,1}.
Suppose that the inequality induces a facet of both BQPF, and QPB,.
Then there exist 2n extreme points of BQP,, say (z!,7'),...,(z",¥") and
(21, 9Y),..., (2", 9"), with the properties described in Corollary 2. For any
given 1 <1 < n, we have three possible cases:

o vzt =vT#" € {0,1}, in which case v; = 0
e v'z" =0 and v72% = 1, in which case v; = 1
e v1'z' =1 and v7'#" = 0, in which case v; = —1.
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Thus, v € {0,£1}", and the inequality is a cut-type inequality.

Similarly, when v € {0,£1}", it is easy to construct the 2n vertices of
BQ P, required by Corollary 2. Thus, if a cut-type inequality induces a facet
of BQPF,, it also induces a facet of QPB,,. O

We know of other inequalities that induce facets of both BQPF, and
QPB,, along with other inequalities that induce facets of BQFP,, but not
of QPB,,. We do not go into details, for the sake of brevity.

6 A Classification of Valid Inequalities for QPB,

Let Qq,p(x,y) <7 be any valid linear inequality for QPB,,, where a € R",
b€ R””L(n;l), v € R, and

Qaﬂ x y Zazxz + Z ﬁz]yz]

1<i<j<n

Also, define the corresponding quadratic form

Qa,ﬁ Z ;T + Z ﬁlszxj

1<i<ji<n

Let us call a valid linear inequality Q(«a, 3) <« ‘concave’, ‘convex’ or ‘indef-
inite’ according to whether the quadratic form g, g(z) is concave, convex, or
indefinite, respectively. In the following three subsections, we characterise
the inequalities of these three different types. Then, in Subsection 6.4, we
use these characterisations to shed light on the structure of QP Bs.

In a couple of places, we will use the following (easy) lemma:

Lemma 7 The mazimum value of Qq (x,y) over QP B, equals the maxi-
mum value of g 5(z) over [0,1]™.

6.1 The concave case

First, we deal with the concave case. The following proposition shows that
the only non-redundant concave inequalities are, essentially, the psd inequal-
ities:

Proposition 8 Suppose Qqn g(x,y) < v is valid for QPB,, and that qq g(x)
is concave. Then Qq g(x,y) < 7y is valid for the following convex set:

{(:L',y) € [0,1]" x r(": ¥V = 0},

where Y is defined as in Subsection 2.2.

18



Proof. Let (z,y) with associated ¥ be arbitrary in the above convex set.
Because ¢, g(x) is concave, it can be expressed as

das(@) = aTa + 27 Ba

with symmetric, negative semidefinite matrix B (defined easily in terms of
(). Likewise,
Q@ﬁ(xvy> = aTx + Be Y7

where BeY := szzl B;;Y;;. Note that 7 Bx = B e zzT also. Thus,

Quiplw.y) = oo+ By
—alz+Be (Y —zzl) + 2Bz
< oz + 2T Bx
= da,p (l‘),
where the inequality follows from B < 0 and Y — 2z’ > 0. Now, by Lemma

7, the validity of Qo 5(z,y) < v for QPB,, ensures that g, g(z) < 7 for any
x € [0,1]™. This proves the result. O

6.2 The convex case

Now we move on to the convex case. The following proposition shows that
the only non-redundant convex inequalities are the inequalities that come
from BQP,, together with certain RLT constraints. (This result was con-
jectured to us by Anstreicher [2].)

Proposition 9 Suppose the inequality Qq g(x,y) < v is valid for QPB,
and that go p(x) is convex. Then Qg p(x,y) < 7 is valid for the following

polytope:
{(z.y) : proj (z,y) € BQP, yis <z (1 <i<n)}.

Proof. Because ¢, () is convex, it attains its maximum over [0,1]" at
{0,1}", i.e., at one of the 2" extreme points. This maximum is less than or
equal to v because Qq g(x,y) < v is valid for QPB,, by assumption. So:

n
> max o; T+ FHAN
vy vef01)n ; iy Zﬁl] iy

i<y

n

= max Z(ai + 5“)1‘1 + Z ﬁz‘jfUz'ij )

1 n
ee{0.1}m \ i i<j

19



which shows that the inequality
n
Z(Oﬁ + Bii)zi + Z Bijyiz < (9)
i=1 i<j
is valid for BQPF,.
Now let (z,y) be such that proj(x,y) € BQP, with y; < x; for all 4,

and note that 3; > 0 for all i because ¢, g(x) is convex. We wish to show
that Qa p(z,y) <

n
Qap(x,y) =D aimi+ > Bijyij
i=1 i<j
n n
= Z ;T + Z BijYi; + Z Bii(xi — i + i)
i=1 i<j =1
n n
<Y i+ > By + Y Bt
i=1

i<j i=1

= (i + Bi)zi+ Y Bijuis
i—1 i<j
<
where the final inequality follows by the validity of (9) for BQP,. O

6.3 The indefinite case

Finally, we consider the indefinite case. We will need the following standard
result:

Lemma 8 Suppose qq g(x) is indefinite. Then its maximum over [0,1]" is
necessarily obtained on the boundary.

Thus, checking whether Q, g(x,y) <+ is valid for QPB,, amounts to check-
ing that g, g(z) does not exceed v on each of the 2n facets of [0,1]".

To formalize ideas, for all i = 1,...,n and each § € {0,1}, define the
quadratic function

5 - - B )
q2ﬁ<x) = QQ,IB(«Tl, sy Ti—1, 57 Liy. 7:1:71—1)7

where Z € R""!. One can think of qgfg(a’:) as (q,p(x) with the value §
substituted for x;, and so one can work out an explicit representation in
terms of linear (Z;), quadratic (Z;Z;), and constant terms (although we
do not provide the full representation here). Note that the constant term
is ;0 + P02, We also define Qg?ﬁ(i,gj) to be the linear function arising
from the above explicit representation—without constant term—when Z;Z;
is linearized by ¥;;. The following result now follows directly from these
constructions.
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Proposition 10 The inequality Q. 5(z,y) < v, with g, () indefinite, is
valid for QP By, if and only if the inequality

Qiofg(ffa §) <7 — b — 38 (10)
is valid for QPBy—1 for alli=1,...,n and § € {0,1}.

Proof. By Lemma 7, Q,3(x,y) < v is valid for QPB, if and only if
qap(x) < v for all z € [0,1]". By Lemma 8, this occurs if and only if
qgfﬁ(f) <y —a;d — B3;0% for all z € [0,1]"! and for each 4, d, which in turn
occurs only under the stated condition. O

In addition, Proposition 10 provides a finite recursive procedure to check
the validity for QPB,, of any given indefinite inequality Qq g(x,y) < v: one
simply checks that each of the 2n inequalities of the form (10) is valid for
QPBy,_1. The recursion is well defined because the validity of any inequality
for QP B; can be easily checked.

Propositions 810 also give rise to a semi-infinite description of QP B,,:

Corollary 3 For n > 2, let V be the collection of all (o, B,7) such that
dop(x) is indefinite and Qg%(i,g) < v — ;0 — P02 is valid for QPB,_;
foralli=1,...,n and § € {0,1}. Then QPB,, equals

() S :v@-.(l <i<mn),
(z,y) € [0,1]""V 2 ) YV =0, proj (z,y) € BQP,,
Qap(r,y) <V (a,0,7) €V

The semi-infinite nature of this description certainly makes it difficult to
work with directly, but it is interesting that the description reduces to a
finite one when n = 2 (Anstreicher-Burer [3]). In particular, for n = 2,
proj(z,y) € BQP, and y; < x; constitute precisely the RLT constraints,

while the constraints for («, 3,7) € V are redundant. Perhaps it is possible
to simplify the description for larger n.

6.4 More on (QPB;

Consider the following convex set:

yii <x; (1<i<n)
Q, = (z,y) € [0,1]"T("2") . V=0 : (11)
proj(z,y) € BQP,

From the results given so far, 9, contains QPDB,. Moreover, one would
expect Q,, to be a ‘tight’ approximation to QPB,,. Indeed:

21



o O, satisfies all valid inequalities for QP B,, that involve at most two
indices, i.e., all inequalities of the form

%y + oy + Biiii + Bijyis + Bijyii < -
(This follows from the result of Anstreicher & Burer [3] mentioned in

Subsection 2.2.) In particular, it satisfies all RLT inequalities.

e O, satisfies all valid inequalities for QP B,, that have zero coefficients
for the variables y;;. (This follows from Proposition 5.)

o O, satisfies all non-redundant ‘concave’ and ‘convex’ valid inequalities
for QPB,, (as shown in Subsections 6.1 and 6.2).

Moreover, Qs gives an even tighter approximation to ()P Bs than the one
studied in Anstreicher & Burer [3]. (This is so since the inequalities (2)—(5)
are dominated by the triangle inequalities of Padberg [19].)

A natural question to ask at this point is whether QP B3 = Q3. In fact,
it turns out that QP B3 is strictly contained in Q3. To show this, we use
the recursive procedure for checking validity discussed before Corollary 3.

Define:

o = (05170527053) = (37 170)
B = (b1, P12, P22, P13, P23, B33) = (—2.25,—-6,0,—6,—1,1)
v=1

Using the recursive procedure, one can show that Qq g(x,y) < 7 is valid for
QP Bs. We next consider the maximisation

max {Qus(e,y) ¢ (,y) € Qs}.

Using the fact that BQP; is completely described by RLT and triangle
inequalities, one can easily verify that the fractional point

L= ($1,$2,ZE3) = %(17 171)
y = (Y11, Y12, Y22, Y13, Y23, ¥33) = 5(2,0,3,0,1,3)

is feasible with objective value 19/18 > 1. It follows that Qq g(x,y) < v is
not valid for Qs, which proves that ()P Bs is strictly contained in Q3.

7 Concluding Remarks

Given the fact that QPB is a fundamental and much-studied problem in
global optimisation, it is surprising that many of its basic properties were
not established before now. We have addressed this gap in the literature,
using the tools of polyhedral theory and convex analysis.
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There are some interesting topics for future research. For example, can
one find an explicit description of QPBj3 in terms of linear inequalities?
And, if an inequality induces a facet of BQF, but not of QPB,, can it be
strengthened in some way so that it induces a facet of QPB,? Finally, the
algorithmic implications of our results should be investigated.
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