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The Traveling Salesman Problem or TSP is probably the best known
combinatorial optimisation problem. Informally speaking, one is given a set
of cities, along with the cost of traveling between each pair of cities, and
one wishes to find a tour of all the cities of minimum cost. The TSP has
applications, not only in OR/MS, but in many other fields. In fact, there
are no fewer than four books devoted to it [1, 23, 28, 40].

The TSP is notoriously hard to solve, being one of Karp’s original
NP-complete problems [27]. Nevertheless, and surprisingly, large-scale in-
stances arising in practice can often be solved to proven optimality (or near-
optimality) by sophisticated mathematical programming techniques. This
article gives an introduction to these techniques.

The article is structured as follows. In Section 1, we review some of
the basic mathematical programming formulations of the TSP. In Section 2,
we discuss polyhedral theory, which is used to derive stronger formulations.
In Section 3, we discuss separation routines, which are used to strengthen
formulations iteratively. Finally, in Section 4 we discuss exact algorithms
for the TSP based on such strengthened formulations.

We remark that some other effective techniques for tackling the TSP
exist. For an introduction to combinatorial TSP algorithms (i.e., algorithms
that work with graph-theoretic relaxations rather than linear programming
relaxations), see entry #1.3.5.2. For heuristic and meta-heuristic approaches
(which give good, but not necessarily optimal solutions), see entry #1.3.5.3.

Throughout this article, we distinguish between the symmetric TSP
(STSP), in which the cost of travelling from city A to city B is the same
as the cost of travelling in the reverse direction, and the asymmetric TSP
(ATSP), in which these costs are permitted to be different.

1 Formulations

Combinatorial optimisation problems can often be formulated in several
different ways — see entry #1.4.1.1. In the case of the STSP, the standard
formulation is the following, due to Dantzig, Fulkerson & Johnson [14]. We
are given a complete undirected graph G, with node set V and edge set E.
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For each e ∈ E, we let ce denote the cost of traversing edge e. For any node
set S ⊂ V , we let δ(S) denote the set of edges with exactly one end-node
in S. Next, for each edge e ∈ E, we define a binary variable xe, taking the
value 1 if and only if edge e is in the tour. Finally, for any set of edges
F ⊂ E, we let x(F ) denote

∑
e∈F xe. The STSP is then equivalent to the

following 0-1 Linear Program (0-1 LP):

min
∑

e∈E cexe

s.t. x(δ({i})) = 2 (∀i ∈ V ) (1)
x(δ(S)) ≥ 2 (∀S ⊂ V : 2 ≤ |S| ≤ |V |/2) (2)
x ∈ {0, 1}|E|. (3)

The equations (1), called degree equations, simply express the fact that the
salesman must arrive at and depart from each city. The inequalities (2),
called subtour elimination constraints (SECs), ensure that the tour is con-
nected.

The ATSP can be formulated in a similar way. Now we have a complete
directed graph G, with node set V and arc set A. For each a ∈ A, we let ca
denote the cost of traversing arc a. For any set S ⊂ V , we let δ+(S) denote
the set of arcs going from S to V \S, and δ−(S) denote the set of arcs going
in the reverse direction. For each arc a ∈ A, we have a binary variable xa.
The ATSP is then equivalent to the following 0-1 LP:

min
∑

a∈A caxa

s.t. x(δ+({i})) = 1 (∀i ∈ V ) (4)
x(δ−({i})) = 1 (∀i ∈ V ) (5)
x(δ+(S)) ≥ 1 (∀S ⊂ V : 2 ≤ |S| ≤ |V |/2) (6)
x ∈ {0, 1}|A|. (7)

The equations (4) and (5) are called out-degree and in-degree equations,
respectively. The inequalities (6) are again called SECs.

Note that, in both formulations, the SECs are exponential in number.
It is in fact possible to formulate the STSP and ATSP as 0-1 LPs in which
the number of constraints is polynomial, provided that one is willing to
introduce a polynomial number of additional variables. An extensive survey
of such alternative formulations was recently given by Öncan et al. [35].
Nevertheless, the formulations given here have been found to be very useful
in practice, and are therefore the most commonly used. The large number of
SECs is not a serious problem, since one can generate the SECs dynamically
as cutting planes (see entry #1.4.1.5).
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2 Polyhedral Theory

In this section, we review some of the known polyhedral results for the TSP.
We cover the STSP in Subsection 2.1 and the ATSP in Subsection 2.2. We
assume that the reader is already familiar with the polyhedral approach to
combinatorial optimisation problems, which is covered in entry #1.4.3.1.

2.1 The symmetric traveling salesman polytope

The convex hull in R|E| of solutions to the system (1)-(3), for a given number
n of nodes, is called the symmetric traveling salesman polytope of order n,
and is denoted by STSP(n). The first systematic study of STSP(n) was
performed by Grötschel & Padberg [21], who proved the following results:

• The degree equations (1) give a complete and non-redundant descrip-
tion of the affine hull of STSP(n).

• The non-negativity inequalities xe ≥ 0, for all e ∈ E, define facets of
STSP(n) for n ≥ 4.

• The SECs (2) define facets of STSP(n) for n ≥ 4.

• Let H be a subset of V with 3 ≤ |H| ≤ n−2 and let F ⊂ δ(H) be a set
of node-disjoint edges with |F | ≥ 3 and odd. The blossom inequality
x(δ(H) \ F ) ≥ x(F )− |F |+ 1 defines a facet of STSP(n).

Grötschel & Padberg [21] also proved a ‘lifting’ theorem that enables one
to convert simple facets into more complex facets. When lifting is applied
to the blossom inequalities, one obtains the following comb inequalities:

x(δ(H)) +
t∑

j=1

x(δ(Tj)) ≥ 3t+ 1.

Here, t ≥ 3 is an odd integer, H is a proper subset of V (called the handle),
and T1, . . . , Tj are disjoint node-sets (called the teeth), such that Tj ∩H 6= ∅
and Tj \H 6= ∅ for j = 1, . . . , t.

The comb inequalities are undoubtedly a very important class of inequal-
ities for the STSP. They are used in all branch-and-cut algorithms of which
we are aware.

Since the publication of [21], the polytope STSP(n) has been studied
in great depth. Several generalisations of the comb inequalities are known,
with exotic names like clique-tree, star, hyperstar, bipartition and binested
inequalities. There are also several other classes of facet-inducing inequali-
ties known, such as chain, ladder, crown and hypohamiltonian inequalities.
For the sake of space, we do not review these developments here, and refer
the reader to the excellent surveys by Grötschel & Padberg [22], Jünger et
al. [26] and Naddef [32]. We will however mention some of the inequalities
again, in subsequent sections.
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2.2 The asymmetric traveling salesman polytope

The convex hull in R|A| of solutions to the system (4)-(7), again for a given
n, is called the asymmetric traveling salesman polytope of order n, and is
denoted by ATSP(n). A survey of early work on ATSP(n) was given by
Grötschel & Padberg [22]. Some of the key early results are as follows:

• The out- and in-degree equations (4)–(5) define the affine hull of
ATSP(n), and all but one of them (arbitrarily chosen) are linearly
independent.

• The non-negativity inequalities xa ≥ 0, for all a ∈ A, define facets of
ATSP(n) for n ≥ 4.

• Any valid inequality for STSP(n) can be converted into a valid in-
equality for ATSP(n), by simply replacing xe with xij + xji for all
edges e = (i, j) ∈ E. The resulting inequalities are called symmetric.

• The SECs (6), which are symmetric, define facets of ATSP(n) for
n ≥ 4.

Grötschel & Padberg [22] also list various asymmetric inequalities. Among
them, we mention the so-called D+

k and D−k inequalities, which have proven
to be fairly useful in practice. The D+

k inequalities take the form:

xi1ik +
k∑

h=2

xihih−1
+ 2

k−1∑
h=2

xi1ih +
k−1∑
h=3

x({i2, . . . , ih−1}, ih) ≤ k − 1, (8)

where (i1, . . . , ik) is any sequence of k ∈ {3, . . . , n− 1} distinct nodes. The
D−k inequalities are derived from the D+

k inequalities by simply swapping
the left-hand side coefficients of the two arcs (i, j) and (j, i), for all i, j ∈ V ,
i < j. This is a perfectly general operation, called transposition in [22].

Another important class of inequalities, which turn out to be very useful
in practice, were introduced by Balas [2]. Two distinct arcs (i, j) and (u, v)
are called incompatible if i = u, or j = v, or i = v and j = u; compatible
otherwise. A Closed Alternating Trail (CAT) is a sequence T = {a1, . . . , at}
of t distinct arcs such that, for k = 1, . . . , t, arc ak is incompatible with arcs
ak−1 and ak+1, and compatible with all other arcs in T (with a0 := at and
at+1 := a1). Now, call a node v a source if |δ+(v) ∩ T | = 2, and a sink if
|δ−(v)∩T | = 2. Note that a node can be a source and a sink simultaneously.
Let Q be the set of arcs (i, j) ∈ A \T such that i is a source and j is a sink.
Given a CAT T with t odd, the odd CAT inequality x(T ∪ Q) ≤ bt/2c is
valid for ATSP(n). Balas [2] proved that odd CAT inequalities define facets
of ATSP(n) under mild conditions.

There exist several other papers on ATSP(n). Again, for the sake of
brevity, we do not review them all here, and refer the reader to the excellent
survey [3].
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3 Separation Routines

In order to use a class of valid inequalities as cutting planes, one needs a
separation routine, i.e., a routine for detecting when an inequality in that
class is violated by a given LP solution x∗ (see entry #1.4.1.5). As usual,
we distinguish between exact separation routines, which find a violated in-
equality in that class whenever one exists, and heuristic separation routines,
which may fail to find a violated inequality.

3.1 Separation routines for the STSP

Several positive results are known concerning the complexity of exact sepa-
ration for various inequalities:

• As noted by Hong [24], SEC separation amounts to a minimum weight
cut problem, and is therefore solvable in polynomial time. (The cur-
rent fastest deterministic minimum weight cut algorithm is that of
Nagamochi et al. [34].)

• The separation problem for the blossom inequalities can be solved in
polynomial time (Padberg & Rao [36]). The current fastest algorithm
is that of Letchford et al. [31].

• There exists a polynomial-time separation algorithm for a class of in-
equalities that includes all blossom inequalities and a large subclass of
the comb inequalities (Fleischer et al. [17]).

• There is a polynomial-time algorithm that generates a violated valid
inequality whenever a comb inequality is violated by 1 (Caprara et al.
[6]).

• There exists a polynomial-time separation algorithm for a class of in-
equalities that includes all comb inequalities with a fixed handle H
(Caprara & Letchford [7]).

• The separation problem for bipartition inequalities (and therefore comb
and clique-tree inequalities) can be solved in polynomial time, provided
the number of teeth is bounded by a constant (Carr [8]).

• More generally, there exists a polynomial-time separation algorithm for
any class of inequalities that can be obtained by ‘lifting’ an inequality
that defines a facet of STSP(n), for constant n (Carr [9]).

Further positive results are known for the case in which the support graph
is planar. (The support graph is the graph induced by the edges with posi-
tive x∗-value.) Fleischer & Tardos [18] found an O(n2 log n) algorithm that
produces a violated comb inequality whenever a comb inequality is violated

5



by 1, and Letchford [29] gave an O(n3) exact separation algorithm for a
generalisation of the comb inequalities, called ‘domino-parity’ inequalities.
Further results for the planar case can be found in [30].

In addition to these exact separation results, there exists a wide range
of separation heuristics. For example:

• Crowder & Padberg [13] presented a fast heuristic for SECs, that is
based on the idea of iteratively ‘shrinking’ the support graph by iden-
tifying certain pairs of nodes.

• Grötschel & Holland [20] proposed a heuristic for comb separation,
in which one first shrinks the support graph, and then calls an exact
blossom separation algorithm on the shrunk support graph.

• Padberg & Rinaldi [37] presented several separation heuristics for
SECs, blossom, comb and clique tree inequalities, along with some
new conditions under which shrinking can be safely performed.

• Naddef & Thienel [33] presented new heuristics for comb, clique-tree,
path, bipartition and ladder inequalities. They are based on shrinking
and local search.

• Applegate et al. [1] analysed in depth certain data structures that can
be used to speed up various SEC, blossom and comb heuristics.

• Boyd et al. [4] and Cook et al. [12] presented heuristics for domino-
parity inequalities, based on shrinking the support graph to make it
planar, and then running the algorithm of Letchford [29].

Finally, we mention two ‘non-standard’ heuristics for separation: the
‘small instance’ approach of Christof & Reinelt [10] and the ‘local cuts’
approach of Applegate et al. [1]. Both of them begin by shrinking the sup-
port graph down to a tiny size. The small instance approach then searches
through a list of inequality ‘templates’, whereas the local cuts approach
solves a series of tiny STSP instances to generate a cutting plane.

3.2 Separation routines for the ATSP

In Subsection 2.2, we mentioned that every valid inequality for STSP(n)
can be converted into a valid inequality for ATSP(n), simply by replacing
xe with xij + xji for all edges e = (i, j) ∈ E. This implies that every
separation algorithm for the STSP can be used, as a “black box”, for the
ATSP as well. To this end, given the ATSP (fractional) point x∗ ∈ [0, 1]|A|,
one first defines the undirected counterpart x̃ ∈ [0, 1]|E| by means of the
transformation

x̃e := x∗ij + x∗ji for all edges e = (i, j) ∈ E,
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and then applies the STSP separation algorithm to x̃. On return, the de-
tected most violated STSP inequality is transformed into its ATSP counter-
part, both inequalities having the same degree of violation.

The above approach to separation can be used only for symmetric ATSP
inequalities. The only paper of which we are aware that addresses sepa-
ration for asymmetric ATSP inequalities is Fischetti & Toth [16]. These
authors presented an exact separation algorithm for D+

k and D−k inequal-
ities, based on partial enumeration of suitable node sequences (i1, . . . , ik),
for k = 2, . . . , n− 1. To prune the search, upper bounds on the violation of
the inequalities are used. The authors also presented a heuristic separation
algorithm for odd CAT inequalities, based on the computation of minimum
weight odd circuits in an auxilary ‘incompatibility graph’. This separation
algorithm can be viewed as a specialized version of a scheme proposed by
Caprara & Fischetti [5] for the separation of a subclass of Chvátal-Gomory
cuts for general integer programming problems.

4 Exact TSP Algorithms

In this section, we review the main exact algorithms for the TSP that are
based on the use of strong valid inequalities as cutting planes. We assume
that the reader is already familiar with the basic ideas of branch-and-bound
and branch-and-cut, which are covered in entries #1.4.1.2 and #1.4.1.5,
respectively.

4.1 Exact algorithms for the STSP

The first paper to propose the use of Linear Programming to solve the
STSP was Dantzig et al. [14] in 1954. The authors computed an optimal
tour through 49 cities in the United States, an impressive achievement at the
time. The cutting planes, mainly SECs, were identified by eye. Moreover,
the authors used a limited form of branching, even though branch-and-bound
had not been invented at the time.

In the 1970s and 1980s, several papers appeared in which larger TSP
instances were solved by the same approach, but with the addition of other
kinds of cutting planes, such as blossom and comb inequalities. A good
example is Grötschel [19], which details the solution of a 120-city problem.

The next step was the development of what is now called the ‘cut-and-
branch’ approach, in which a cutting plane algorithm is used to create a
strong LP relaxation, which is then fed into a branch-and-bound solver. An
early example can be found in Crowder & Padberg [13]. This approach was
pushed to its limits by Grötschel & Holland [20], who solved instances with
up to around 600 cities.

A disadvantage of the cut-and-branch approach is that the integer solu-
tion obtained might violate some SECs, in which case they must be added
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to the formulation, and branch-and-bound must be repeated. The natu-
ral solution to this is to run separation algorithms at every node of the
branch-and-bound tree. This is the branch-and-cut approach of Padberg &
Rinaldi [38]. Using this approach, Padberg & Rinaldi solved instances with
up to around 2000 cities, using SECs and blossom, comb and clique-tree
inequalities.

The branch-and-cut approach has been further refined, for example by
Naddef & Thienel [33], Applegate et al. [1] and Cook et al. [12]. The software
of Applegate et al., called Concorde, has been made freely available on
the web [11]. It is capable of solving instances with tens of thousands of
cities to proven optimality. According to Cook et al. [12], the domino-parity
inequalities and the local cuts are the most effective cutting planes for large
instances.

4.2 Exact algorithms for the ATSP

Only two papers have been published concerned with branch-and-cut algo-
rithms for the ATSP: Fischetti & Toth [16] and Fischetti et al. [15].

The algorithm of Fischetti & Toth [16] is based closely on the Padberg
& Rinaldi [38] framework. There are, however, some important details:

1. A sophisticated scheme is used for pricing (column generation), which
exploits the fact that a directed tour cannot select arcs with negative
reduced cost in an arbitrary way.

2. Asymmetric inequalities — D+
k , D−k and odd CAT inequalities — are

used in addition to symmetric ones.

3. Rounds of violated inequalities are added when possible, rather than
only the most violated one.

4. A primal heuristic, based on detecting Hamiltonian cycles in the (di-
rected) support graph, is extensively used.

The resulting algorithm solved to optimality most of the ATSP instances in
the literature.

Fischetti et al. [15] proposed some enhancements to the Fischetti-Toth
algorithm. In particular, the branching variable in [16] was selected among
those closest to 0.5 (a classical criterion) while in [15] priority for branching
was given to the variables that have been persistently fractional in the last
(consecutive) LP optimal solutions at any branching node.

Fischetti et al. [15] also tested a rather different approach, in which the
ATSP instance is transformed to an STSP instance, which is then solved
by the STSP solver Concorde mentioned in the previous subsection. They
tested two different transformations: the one due to Karp [27], in which
an ATSP instance with n nodes is converted to an STSP instance with 3n
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nodes, and the one due to Jonker & Volgenant [25], in which the resulting
STSP instance has only 2n nodes. The computational results in [15] show
that this alternative approach is competitive with (although not superior
to) the approach in [16].

We close this discussion by pointing out an important difference between
the STSP and the ATSP. In the case of the STSP, branch-and-cut is currently
the undisputed best approach for solving large-scale instances. This is not
so with the ATSP: for some instances, such as randomly generated instances
with no correlation between cij and cji, combinatorial algorithms based on
assignment relaxations can perform as well or even better. This is discussed
in more detail in entry #1.3.5.2.
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