
Electron-electron interaction in monolayers.

Tight-binding model for electrons in BLG.

Asymmetry gap in bilayer graphene. 

Lifshitz transitions & BLG under strain.

Interaction effects in BLG; spontaneous symmetry breaking in pristine BLG due 
to the e-e interaction. 
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I.  Graphene 101: pure and disordered monolayer graphene.
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II. Electronic properties of bilayer graphene, from high to low energies.

Interaction effects in graphenes.
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Elias, Gorbachev, Mayorov, Morozov, Zhukov, Blake, 
Ponomarenko, Grigorieva, Novoselov, Guinea, Geim 

Nature Physics 7, 701 (2011)

100meV

Renormalisation of Dirac velocity
in suspended monolayer graphene



Electron-electron interaction in monolayers.

Tight-binding model for electrons in BLG.

Lifshitz transitions & BLG under strain.

Asymmetry gap in bilayer graphene. 

Interaction effects in BLG; spontaneous symmetry breaking in pristine BLG due 
to the e-e interaction. 
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Slonczewski-Weiss-McClure parameterization for Bernal stacking
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BLG in ARPES
T. Ohta et al

Science 313, 951 (2006)1eV

~100meV

McCann, VF - PRL 96, 086805 (2006)
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Dirac point generates 
a 4-fold degenerate ε=0 Landau level

McClure,  Phys. Rev. 104, 666 (1956)

J=2 chiral bilayer Hamiltonian:

8-fold degenerate ε=0 Landau level

McCann, VF - Phys. Rev. Lett. 96, 086805 (2006)
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Quantum Hall effect in bilayer graphene
Novoselov, McCann, Morozov, VF, Katsnelson, Zeitler, Jiang, Schedin, Geim 

Nature Physics 2, 177 (2006)



Electron-electron interaction in monolayers.

Tight-binding model for electrons in BLG.

Lifshitz transitions & BLG under strain.

Asymmetry gap in bilayer graphene. 

Interaction effects in BLG; spontaneous symmetry breaking in pristine BLG due 
to the e-e interaction. 

Electronic properties of bilayer graphene, from high to low 
energies.

Interaction effects in graphenes.
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McCann, VF - PRL 96, 086805 (2006)
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shift of the Dirac point in the momentum space, 
opposite in K/K’ valleys, like vector potential

Iordanskii, Koshelev, JETP Lett 41, 574 
(1985) 

Ando - J. Phys. Soc. Jpn. 75, 124701 (2006)
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 Iordanskii, Koshelev, JETP Lett 41, 574 (1985) 
Morpurgo, Guinea - PRL 97, 196804 (2006)



The four-band Hamiltonian for one DP in BLG:

Vector potential

Removes constant vector potential from the anti-diagonal

ܪ ൌ

0 ߨଷݒ ൅ ݓ
றߨଷݒ ൅ ∗ݓ 0

0 றߨݒ
ߨݒ 0

0 றߨݒ
ߨݒ 0

0 ଵߛ
ଵߛ 0

ݓ ൌ
3
4 ߜ െ ᇱߜ ଷߛ ଷߟ െ ଴ߟ ݁ି௜ଶఏ െ

3
2 ଷߟଷߛ

ݎߜ
஺஻ݎ

݁௜ఝ



low-energy
2-band:

ܪ ൌ െ
1
2݉

0 றߨ ଶ

ଶߨ 0
൅ ଷݒ

0 ߨ
றߨ 0 ൅ 0 ݓ

∗ݓ 0

ܪ ൌ

0 ߨଷݒ ൅ ݓ
றߨଷݒ ൅ ∗ݓ 0

0 றߨݒ
ߨݒ 0

0 றߨݒ
ߨݒ 0

0 ଵߛ
ଵߛ 0

ݓ ൌ
3
4 ߜ െ ᇱߜ ଷߛ ଷߟ െ ଴ߟ ݁ି௜ଶఏ െ

3
2 ଷߟଷߛ

ݎߜ
஺஻ݎ

݁௜ఝ
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(Raman and DFT) Basko et al., PRB 80, 165413 (2009)
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Strain effect on the BLG spectrum at low energies
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Electron-electron interaction in monolayers.

Tight-binding model for electrons in BLG.

BLG under strain.

Asymmetry gap in bilayer graphene. 

Interaction effects in BLG; spontaneous symmetry breaking in pristine BLG due 
to the e-e interaction. 
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Electronic properties of bilayer graphene, from high to low 
energies.

Interaction effects in graphenes.



Interlayer asymmetry gap in bilayer graphene

McCann & VF - PRL 96, 086805 (2006)
McCann - PRB 74, 161403 (2006)

Castro, et al - PRL 99, 216802 (2007)u
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Zhang, et al - Nature 459, 820 (2009)

T. Ohta et al – Science 313, 951 (2006)
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Gate defined quantum confinement in suspended bilayer graphene
Allen, Martin, Yacoby - arXiv:1202.0820

Interlayer asymmetry-gap can be used to induce confinement in BLG 
to make quantum dots for spin qubits.

VF – Nature Physics 3, 151 (2007)

Encapsulation of BLG in BN films improves performance QDs circuits
(larger gaps better controlled by the gates).

Vandersypen’s group, Delft (2012)



Electron-electron interaction in monolayers.

Tight-binding model for electrons in BLG.

BLG under strain.

Screening of Coulomb interaction in BLG

Asymmetry gap in bilayer graphene: a strongly correlated band insulator.

Spontaneous symmetry breaking in pristine BLG due to the e-e interaction. 
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Electronic properties of bilayer graphene, from high to low 
energies.

Interaction effects in BLG.
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2D-screened Coulomb interaction:

produces a negligibly small renormalisation of the band mass 



Electron-electron interaction in monolayers.

Tight-binding model for electrons in BLG.

BLG under strain.

Screening of Coulomb interaction in BLG

Asymmetry gap in bilayer graphene: a strongly correlated band insulator.

Spontaneous symmetry breaking in pristine BLG due to the e-e interaction. 
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Interaction effects in graphenes.
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BLG with a small gap:
a strongly correlated insulator. 

BLG with a large gap : 
weak interaction

non-interacting

single electron/hole el-hole excitations

um
p

m
p

Nsp 2

42

0 82
7.0

 











u
Nme

N
u

4

0 ln
2
31

SPEhe u   2~
Cheianov, Aleiner, VF – arXiv:1107.4750, to appear in PRL next week 



Electron-electron interaction in monolayers.

Tight-binding model for electrons in BLG.

BLG under strain.

Asymmetry gap in bilayer graphene
(strongly correlated band insulator).

Spontaneous symmetry breaking in pristine BLG due to the e-e interaction. 

eV

meV

Electronic properties of bilayer graphene, from high to low 
energies.

Interaction effects in graphenes.



Is ‘vacuum state’ in pristine bilayer graphene stable against 
spontaneous symmetry breaking due to e-e interaction? 

for BLG in a zero magnetic field, there were several suggestions:  

ferroelectric ‘excitonic insulator’ 
Nandkishore, L. Levitov, -PRL104, 156803 (2010); Jung, Zhang, MacDonald - PRB 83, 115408 (2011)

layer polarized antiferromagnetic
Kharitonov arXiv:1109.1553;  Min, Borghi, Polini, MacDonald - PRB 77, 041407(2008);  Vafek - PRB 82 205106 (2010)

quantum anomalous Hall state
Nandkishore, Levitov - PRB 82, 115124 (2010); Zhang, Jung, Fiete, Niu, MacDonald - PRL106, 156801 (2011)

charge density wave state
Dahal, Wehling, Bedell, Zhu, Balatsky - Physica B 405, 2241 (2010)

nematic (breaking rotational symmetry)
Vafek, Yang - PRB 81, 041401 (2010) ,  Lemonik, Aleiner, Toke, VF - PRB 82, 201408 (2010)

nematic,  antiferromagnetic,  spin flux state.
Lemonik, Aleiner, VF - PRB 85, 245451 (2012)
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interaction-driven phases 
of electronic liquid in bilayer graphene

sublattice valley

electron spin degree of freedom 
included and used when 
calculating exchange energy



interlayer 
asymmetry

similar to 
the effect 
of strain 

similar to TO phonon 
in the BZ corner

similar to LO-LA 
phonons in

the BZ corner
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one interaction, mean field theory & Hartree-Fock
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values of g determines 
an exponentially weak 
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renormalisation of one interaction
followed by mean field theory & Hartree-Fock

construction blocks

for one attractive interaction 
gives the same as MF-FH.
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Coulomb interaction
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For one interaction channel, E2
renormalisation of g can be helped by 

Coulomb interaction even more:
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at the shortest rang of applicability of 
two-band model
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Altogether: simultaneous renormalisation group analysis 
of all short-range interactions helped by screened Coulomb interaction
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Renormalisation of short-range interactions
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Lemonik, Aleiner, Toke, VF 
PRB 82, 201408 (2010) 



૜࣎૚,૛࣌			ࢉ࢏࢚ࢇ࢓ࢋࡺ
mimics effect of strain:

gaplesss with LiTr
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Ԧ࢒࢙૜࣎૜࣌			࢕࢘࢘ࢋࡲ࢏࢚࢔࡭
opposite spin 

polarisation on 
A and B sublattices

in the opposite layers:
gapped
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૜࣎૚,૛࣌			ࢉ࢏࢚ࢇ࢓ࢋࡺ
mimics effect of strain:

gaplesss with LiTr

Ԧ࢒࢙૜࣎૜࣌			࢕࢘࢘ࢋࡲ࢏࢚࢔࡭
opposite spin 

polarisation on 
A and B sublattices

in the opposite layers:
gapped

Ԧ࢒࢙૜࣌			࢛࢞࢒ࡲ࢔࢏࢖ࡿ
	۽܁	܍ܓܑܔ െ ܔ܉܋ܑ܏ܗܔܗܘܗܜ
insulator, ′ܔܔ܉۶	ܖܑܘܛ′
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Novoselov, et al - 2010

MLG

BLG

Density of thermally activated carriers (electrons and holes) 
in suspended neutral BLG



Gapless 
persistence of ν=4 SdHO
to the lowest fields with 

activation energy 
indicating  LiTr,

܋ܑܜ܉ܕ܍ۼ (or strain ?)

Gapped state
AntiFerro ?

Feldman, Martin, Yacoby,
Nature Physics 5, 889 (2009)

Weitz, Allen, Feldman, Martin, Yacoby
Science 330, 812 (2010)

Bao, Velasco, Zhang, Jing, Standley, 
Smirnov, Bockrath, MacDonald, Lau

arXiv:1202.3212

Suppressed 
compressibility and 

conductance
Persistence of ν=4 SdHO

to the lowest fields:
what is the phase?

Mayorov,  Elias,  Mucha-Kruczynski, 
Gorbachev, Tudorovskiy,  Zhukov,  

Morozov,  Katsnelson,  VF, Geim 
Science 333, 860 (2011)



Electron-electron interaction in monolayers.

Tight-binding model for electrons in BLG.

BLG under strain.

Asymmetry gap in bilayer graphene
(strongly correlated insulator).

Spontaneous symmetry breaking in pristine BLG due to the e-e interaction.

eV

meV

Known and unknown about graphene.

I.  Graphene 101: pure and disordered monolayer graphene.

Lectures 3&4
II. Electronic properties of bilayer graphene, from high to low energies.

Interaction effects in graphenes.


