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® Quasiparticle description of interacting fermions: D>1 vs. D=1

® Tomonaga-Luttinger: full solution for interacting fermions with
linear spectrum, basis for the Luttinger liquid phenomenology

® Fermions with nonlinear spectrum: interaction as perturbation

® New phenomenology: nonlinear Luttinger liquid

® Universality of dynamic responses in nonlinear Luttinger liquid
® Fermions with spin, holons and spinons

® Kinetics of a 1D quantum liquid

® Dynamic Responses of 1D bosonic and spin liquids



- Interacting fermions -

Landau Fermi liquid theory (1956-1958):

excitations of interacting
system of fermions

N

a liguid of weakly interacting quasiparticles

+-—p eXcitations of
free Fermi gas

how well the quasiparticles are defined?



-iparticles in a Fermi-liquid (-

Visualizing the energy spectrum
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-nteracting fermions: D>-

spectral function Ale,k) = —Im G~
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a hole in a 3D Fermi liquid:
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Peculiarity of D=1 -

Ag GZEz—EfZ ék

|§k|\\ e=FE; — Ef < |&

Ale k) e=Ei— Ep =&
A\ E EZEi_Ef>|§k
e =E; — By > &
<d0 X —odoare |§f“|¥

-

Asymmetric A(é,k}




1

GHek) = — (k) — 2(e, k)

—ImE(g,ﬁk) X ‘/;328 : (5 == gk)e(g . ’fk’) & <0

A(&‘, k) = —II’IIG'R(;;? k) . %26 9(5 — |€k|)
e — |&k|

Jet ) ol (¢ G pliE: 5
non-analytic at mass shell




-al function: Perturbation-
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Tomonaga-Luttinger Model

Simplification: Interacting fermions with linear energy spectrum
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Progress of Theoretical Physics Vol. 5, No. 4, July~August, 1950

Remarks on Bloch’s Method of Sound Waves
applied to Many-Fermion Problems

Sin-itiro ToMONAGA

.. an assembly of Fermi particles can be described by a quantized field of sound waves in the
Fermi gas, where the sound field obeys Bose statistics, is proved in the one-dimensional case...

.. The field
equation for the sound wave is found to be linear irrespective of the absence or presence of

mutual interaction between particles, so that this method is a very useful means of dealing with
many-Fermion problems.




-zation (and Spectrum Cur-
Haldane, 1983 kL,R(iU) T kp

excess number of left (L), right (R) movers

_kF 0 kF
—M
k2
kL kg fk = dopk + —
2m
kr(x) _ VR 5 1 )

Hint(z) = Vir(0nor)? + Var(0z9r)* + 2VLr(0:01)(8:9R)
PLR <7 @ + excess density ( n(x) — ang), momentum ( o< 8$19)



-d Displacement Fields (Boso-

T /d;z: [i(@j@? + K(@xﬁ)?] conjugate variable
2 K J (momentum)
f o(x), I(y)] o sign(z —y)
field of displacements, n(z) = 0,
~ [mng Op Galilean invariance = o
"V oon (Vi = Vir = VrR) mu

Dynamics is controlled by two parameters of the liquid:

v and K
K <1 K=1 K>1
repulsion free fermions attraction



- Dynamic Structure Factor -

Perturbation: Hexi = /ﬁ(;c)U(;u,t)d:c

Linear response to U(g,w): density-density correlation function

x(q,w) = (~i0() [z, £), 7 (0,0)] )

q,w

dynamic structure factor:

S(q,w) = f dz dt "'~ (i (2,t)7(0,0)) = 2Imy(q,w)

at T =0 (FDT)
m I



-ture factor of a Luttinger I-

n(r) = 0z  “acoustic phonons”

S(g,w) = (n(g,w)n(—g,—w) ) o< (p(g,w)p(—g, ~w))

~ q0(w — vq)
W \
S(q,w)
0 q’ o, W
How does the dispersion curvature affect2 the structure factor ?
k
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-rum Curvature In Bosoni-

Haldane, 1983
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-urvature as a perturbatio-

H(z) = [g + VRR] (Ozor)” + Vir(OupL)(Ouer)

1 .
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An Exactly Soluble Model of a Many-Fermion System*

J. M. LUTTINGER

Department of Physics, Columbia University, New York, New York
(Received 2 April 1963)

An exactly soluble model of a one-dimensional many-fermion system is discussed. The model has
a fairly realistic interaction between pairs of fermions. An exact calculation of the momentum dis-
tribution in the ground state is given. It is shown that there is no discontinuity in the momentum
distribution in this model at the Fermi surface, but that the momentum distribution has infinite
slope there. Comparison with the results of perturbation theory for the same model is also presented,
and it is shown that, for this case at least, the perturbation and exact answers behave qualitatively
alike. Finally, the response of the system to external fields is also discussed.

I. INTRODUCTION

(1) Higher dimensions — Fermi-liquid
theory (1956 - ...)

E shall be concerned in this p

model of a many-fermion sygfem which is
exactly soluble. The model is quAe unrealistic for
two reasons: it is one-dimensional and the fermions
are massless. On the other hand, it has the realistic
feature that™{ere is a true pair interaction between
the particles. It Ysyery closely related to the well-
known Thirring Mo®wk_in field theory, though
slightly more general. Our lp_interest in the
model is in connection with the question of w
or not a sharp Fermi Surface (F.S.) exists in the
exact ground state.

(2) One-dimensional fermions with
mass (a part of these lectures)



- Back to free fermions -

Lehmann (Golden rule — like) representation £
kr % / k+4q
Slqw)=2r Y &[w— (bptq —
k=kr—q

W =

\\
\
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-ture: free fermions persp-

9 A fixed small g
ek em) mi |
W= Vg L Sw — q2/m
w-_ =vq —q°/(2m)

ow | g W

q GRS

dw = q°/m ~ w'/ex
— 1
e the peak IS narrow (recall — X 82/6F in D=3)

Te
but... eitisnota Lorentzian (non-analytical in w)

e dw ox 1/|m| (non-analytical in curvature)



-ect of Interaction, w — w_ -

free electrons

Important states:

Interaction with the “core hole”

<q
singularity [In(w — w_)|" in each order of perturb. theory in V



-er perturbation theory In inter-

A

S(g,w
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L Wy
wy =vg =k fﬁ’ﬁm

step
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Vv
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-mi edge singularity in me-

S X (W — Wmin) ©

N

-

€
Mahan 67
+ . .. Nozieres, DeDominicis 69

h

threshold 4 interactions = power law
. s



-hat IS different in our cas-

v Hole I1s mobile.

Does not spoil power-law singularity in D=1,
but rather modifies the exponent.

Ogawa, Furusaki, Nagaosa,1992
Nozieres, 1994;  Balents, 2000

v Hole belongs to the same band. W\Cx

Requires inclusion of exchange interaction



-Absorption edge: W —>w_-

Exl
_ Sox(w—w_)H*
:q /v;;L ; ( )
Py O<w—w_ <€ ow

m
Linear orderinV: [ = —(Vo—Vy)
nq
A
S(g} w) v" Mobile hole
v' Exchange




-Fermions — Structure Fa-

. . So
No Interaction:

>
Ww_ {d_l_

wi = vqg x ¢*/2m

S(q,w)

Repulsion: divergent DSF

"5 [ 5 (Q)r@

W — w_

p= (Vo —Vg)m/mg < 1



-actor of alinear Luttinge-

n(r) = 0z  “acoustic phonons”

S(g,w) = (n(g,w)n(—g,—w) ) o< (p(g,w)p(—g, ~w))

~ g 0(w — vg)
"‘"/ S(q,0)1 |
0 q> vq W




-function of alinear Luttinge-

Ak, w) = —Im G*(k,w)
GE(z,t) oc (U1 (x,£)T(0,0))6(t)

Fermionic field: W (g, t) ~ Wy (x,1)e™F* + Vi (z, t)e Fr”

\IITR(E, t) X e—ésﬂR(m?t) o e—z’ga(x,t

GR (;’,L" t) — (e—’i‘PR(a::t) 6’-’:‘:01%(070)>H

| I

kr(x) v ) )
Hun(e) = [ ek =3 [(upn)? + (Oon)’

Hint(m) — VLL(am(PL)z + VRR(3$99R)2 + ZVLR(8$99L)(83:(PR)
S B



-function of alinear Luttinge-

(@0 0N H () = [(@apr)? + (upn)]

Hint(x) = VoL (0zpL)? + VRR(029R)® + 2VLR(92¢L)(Ox9R)
H = Hpin, + Hing = A[(8pp1)? + (029R)?] + BOrpr.0r0R

dz1, £ 0-0r  canonically conjugate

Diagonalization, re-scaling (canon. transf.): ¢ ,¢Yr — @L,9rR
H = [(3:3(,51,)2 ~+ (am‘f’R)z]
(looks like bosonized free fermions)
S - .

N | <



-unction of alinear Luttinge-

Diagonalization, re-scaling (canon. transf.): ¢r,¢r — €L ,PR

H = [(8:¢1)" + (3:4r)"]

N <€—ia,{,<ﬁg,($,t)€iozg,(ﬁi,(ﬁ,0))ﬁ . <€—iagg§}{($,t)eéaﬂ(ﬁ;g(0,0))}}

Gaussian average
(exp{—iarpr(z,t)} - expliarpr(0,0)}) 7

= exp{—(1/2)ax((¢r(z,t) — $r(0,0))¢r(0,0)) 7}



-ation of correlation func-

exp{—(1/2)agk((Pr(z,t) — ¢r(0,0))Pr(0,0)) 7}

Equation of motion:
{5~ v | (Pl 06R0,0)5 x =00

[(:OR(SU: t)a (PR(O)] X Sigl’l(.ﬁl&‘ o Ut)

(Pr(z,t) = @r(0,0))Pr(0,0)) 7 o< In[(z — vt) /o]



-) In the linear Luttinger L-

Linear spectrum &, = vpk (k is measured from
Fermi point £r)

6(c2 — v2k2)

— (82 B Uzkz)%(KJr%)—%

Ae, k)

Tomonaga-Luttinger model: (1974) bosonisation (Luther, Peschel)
or series summation for original fermions (Dzyaloshinskii, Larkin)



-Luttinger Liquid Phenome-

Deemed adequate at arbitrarily small &k
In the scaling limit ¢ /yk = finite, k/kp — 0

0(e2 — v2k?)

e — vk (62 — v?k?) 3 (1 7) =3
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Fermi-point
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Point Tunneling R

Local tunneling density of states:

v
= I
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Single-wall nanotubes — 4-mode (incl. spin) Luttinger liquids
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® Quasiparticle description of interacting fermions: D>1 vs. D=1

® Fermions with a generic spectrum:. interaction as perturbation

® | inear Luttinger liquid: bosonization, full solution for interacting
fermions with linear spectrum (long wavelength excitations)

® Arbitrary interactions and wavelengths: nonlinear Luttinger liquid

® Nonlinear Luttinger liguid: new phenomenology
® Fermions with spin, holons and spinons
® Kinetics of a 1D quantum liquid

® Dynamic Responses of 1D bosonic and spin liquids



-ck to generic 1D Fermio-

No,interaction: Weak repulsion:
S(] | ]
S(g,w)
W »’.‘t}.|.> >
wy =vq+¢*/2m w— W
-

power-law DSF

u= Vo —V,)m/mqg <« 1 “Leading logarithm” series



'y interaction strength and m

Universality?

1. Excitation energies at given
(finite) momentum are finite —
true at ANY interaction strength

e = |&k| for A(k,e)
r K w=w_(g)fr S(qgw)
\

b £

\

/

¢ \

I

2. Low-energy dynamics at arbitrary momentum — UNIVERSAL (power-law
threshold singularities in the response functions), allows for a
phenomenological description — nonlinear Luttinger liquid

3. Shape of the edges, (W = W_ (q) . € =&)
are not universal (microscopics)



-enology: a hint from perturbati-

Fermi-edge singularity physics of responses

Shake-up pairs (narrow band containing Fermi level)

et of states admitting 1 hole Ug 75 VF




-er perturbation theory In inter-
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-ralization: “quantum impL-

Left and Right movers:

= /d:z: (K(W)2 + %(w)ﬂ

-

p, V=91 £ ¢r

T

v 2)al(.zz;') " mo
‘O




-enology of Interaction C-

v 1

Ho = o / da (K(W)2 + K(W)2>

s

Hy = /daj dT(a:')(g(_k) — ivd%)d(x)

op # 0 (Vi) = —mdp

Imambekov, 2007



-enology of Interaction C(-

Hy = Qi / dzx (K(W)2 + %(w)g)

s

Hg = /daj dT(az)(e(_k) — z’fud(,%)d(a:)

o Y _ ol .
Hiy — / i (v(pv s 27r) d(z)d! (z)

L o /

— = £
m Oz 7 Ve 70
N L, _ de(k) k
use Galilean invariance, Baym&Ebner, 1967 5 0 — ok m



-ping on free chiral fermi-

@,19—>(,5::1§—>(,5L,R

Hy = % /d.:z: ((Ver)® + (Ver)?)  Free chiral (L,R) fermions
Hy = /da:' d"(x)(e(k) — ivd%)d(x) impurity

Hippt = /dm (VLV% — VRV(;—:) d(z)d" (x)

Forward-scattering of L and R fermions off impurity

Scattering phase shifts of L and R off impurity: 5_j: Ve

27 vV F vg

V(’Q, Vo — 5+,5_
B E—



- Operators: Hole creation -

&:A Creating a hole close to the threshold:

GR(z,t) o (d'(z, )d(0,0))0(t)

Ak, w) = —Im G"(k,w)



- Operators: Hole density -

—q &"’b I \If}{(x,t)oce_i‘pR(m’t)
(3 o g

I Density operator close to the threshold:

al(x) = Yh(z)d(z) oc e 2@ d(x)

x(q,w) = <_i9(t) [’fl(m} t), ! (0, 0)] >

q,w

S(Qa (.d) — _QImX((L w)
S B



-ervables: Spectral func-
-(50) (5

54—9 0 < VgDa Vi

- P _yvl i
Hine = fda: (vazﬂ VQVQW) d(z)d' (x)

1., Oe(k)  mv
5= 9, T K
1. Oe(k) kK
5= 3k " m




Observables -
@(ﬁ i

Ak, w) o 0(e(k) — N

6(/f)
1 .
(k) VK(%' )
2 | 0e(k)
similar: structure factor S(q, ) K="
mu

s=1/2 fermions: 4 modes (L,R; s,c), edge=spinon spectrum:
0% similar to 6+(k), 65 =0 due to SU(2)
N - s



ver to linear Luttinge-

£(k)
Position of the edge completely defines the singularities!
B B



-I function threshold at P >-

e —vk| <k, k/krp — 0 (here kis measured from k)

- . k2
—inite mass of fermion — new energy scale dw =
2y
new edge struct. >
3 &k

Luttinger “tail”

2’0’6—51; gk

Universal crossover function |A(e, k) = A<5 — ’Uk)




-\/s. Luttinger liquid expo-

Ale, k) o |e — & Terme
(€, k) o |e — &kl o Mo
] - ! 2 2- Tmv
fytrueziL(l—ﬁ) +(1—\/I_()J—1
A(e, k)1
Ale, k) x (e —vk)™™
— = 1/1 3
o | = n=1(%+5) -3

&k



-nger liquid of s=1/2 fermi-

spin&charge

pr.y = (e

rigidity: Fermi+Coulomb

Pc bttt bttt

Ls

’Uc>’UF

Uy
HV:_ d
27r/ ‘

Ks—1
K.-<1

[K,,(veyﬁ + = (V6,)

(repulsion)

= ©s)

rigidity: Fermi only
TN TITITITITITY

Vg — VUV

rw W= Veq

W — Vsq




-g closer to experiments: -

Tunneling rate at given (p,c) — spectral function A(p, )

—iUk' ’Uk ve(p—pr) vs(p—pr)



Broadened mass shell states, holons
V(0)/vrp < 1 ~

E

.
R
.
o*
.

Spectral edge, spinons
A(p,e) x (¢ — es(p))’

p<pr |p—pr| SmV(0) P>PF
y—=-1  y=-1/2 70
—— o



-n-charge separation at arbitrar-

Any interaction strength

€,

Threshold in A(p, €)at the spinon
spectrum €5(P)

Tunneling creates one
spinon with energy €5 (p)
and low-energy “shake-up”

PFr

}3 holons (but not spinons)

A(p,e) x (e —es(p))”

~(p) can be expressed in terms of

Oes(p, p) Oes(p, p)
op ~ 0Op

Schmidt, Imambekov, LG, PRL 104, 116403 (2010)



Iment: spectrum of excit

Momentum-conserving tunneling

dge (Sp'n?) Auslaender et al., Science
G M) 208, 88-92 (2005)

E [Tesla]

momentum “boost” Ap = edB/c

(1) opposite curvatures of
“spinon” and “particle”
branches; (2) particle
peak vs spinon threshold

(broadened) particle mass shell
HE B



-inetics of 1D quantum quui-

Ale, k)t

e Broadening of singular
responses within continuum

B _
at zero temperature, o ‘ £
relaxation of finite-energy :kz/m* T K2/m.
excitations &k

ee Finite-temperature relaxation:
(1) low-energy processes,;
(2) processes with a finite activation energy

eee Thermalization




-s fermions: 1/7(k) at -

Perturbation In interaction

\ |

holes do not relax Ky
Up S UF




- Corrections to Nonlinear Lut-

Spinless particle relaxation, generic interaction
t & mass shell # edge of A(e, p)

Afe, k)1 . oxX 58
—/ \—7(¢)
7 _
vk :‘ <
kz my ~ o~ kz/m*
&k

Smearing of the spectral function’s singularity at the mass shell:
apparently o< (k/k F)S (Matveev 2012, private comm)



P cics o~ e et

= p*/2m

2-particle collisions ineffective
v > Up , “Cherenkov radiation”

D of two p-h pairs (“bosons”)

[p—pr| £ mV(0) V(0)/vp < 1

L VAO)V2(2pr) - (0 — pi)’

T

(s=1/2 scattering channel,
non-integrable potential, T=0)

3-particle collisions



- Particles relax, holes do not -

A. Yacoby group, Harvard (Nature Physics, 2010)

RS
k e 175
€F * -
E" e —1 pé j
article injection 5 z )
P J - - (greszteTenuunbies) )
O0<k<kr B k> kp



o [w —6:+(q)] -

Divergence in continuum
(integrable Lieb-Liniger model)



structure factor expon

- Inelastic neutron scattering data for KCuF;.

Jordan-Wigner transformation ol TasR PE S

AFM spin chain,__, 1D spinless
fermions

Energy (meV)
(spun Arenigie) (3D s

1D spinless  _ |  Quantum
fermions impurity

Wavevector § g, (27A-)

S. Nagler, et al 2005

S(q,w) o (w—w_(q))~Y/? Any g 11



curvature+interaction e New singular behavior
In 1D:
&l | .
article
k>
hol
e Asymmetry in
particle-hole asymmetry lifetimes Einite
A | .
U < VF < Up Ale, k) \ Darticle

— i \— lifetime

)




- Conclusions

1_(5+(k>)2_<6(k>)2
271 27T

1
Alk,w) x O(e(k) —w) B —w
Momentum dependent can be related to
exponents B
ek, Oe(k,
5. (k) (k,p) Oc(k, p)

ok 0p

Direct relation between exponents and energy spectrum

More applications: electron (s=1/2) liquid, spinor Bose liquid,
1D magnets [use of SU(2) symmetry]; other responses

New use of TBA: dynamics of integrable models
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