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Classes of topologically distinct Hamiltonians

7‘[7; 5 matrix (Hamiltonian) En eigenvalues

1 -+ Two matrices are
0 == 0 == topologically

| i 9quwalent
If one can be

1 deformed into another
without any of its

> H,EJQ) energy levels ever
becoming equal to O.

smoothly deform

(1)
He
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Application of topological classes

gapless points

~
"
V2 |
¢ 1
|

’

smoothly deform

a1

> ”}-[g)

H = E Hz’j &,}Ldj fill negative energy levels with fermions

negative = below the chemical potential

empty states

filled states
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Topological invariants

Mathematical expressions which take integer values and
change only if ‘H acquires a zero eigenvalue
(acquires zero energy)

For example: Ng = # of levels below zero

very simple topological invariant

But there are many more less trivial invariants
(more on that later)
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Example: particle in 2D in a magnetic field

j : 2Tiqn g AT ~ Z ~T ~
__-.t [ TIa;—Ffl 71%/6171337711/ _+_ = CLTZQ;,TL%,%—]_CL71337711/ _+_ }1'(3 } — K Cz?la;,TLy Mg, Ty

Mg, My Mg, My
Ty Square lattice in 2D I[we Zpecltrunrlw ,c,:)onsists of 1/g-bands (or
A andau levels

E,(ky, ky)

It is not possible to change the numlber
of bands below O by smoothly changing
the Hamiltonian (including by changing p)
without tuning through a point with zero
energy single-particle states

(Thouless et al, 1982)

> N
XL
(kx,ky,r ) Bloch waves

/ 721 / 72, *O0u  Ou” Ou
ey hl 8/<: ok, Ok, Ok, I

topological invariant (Chern number)
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Chern number in terms of Green’s functions

Gy, = iw —H] ™

Gabe the basis(kaca ky) — Z e—i(nmkm+nyky) G(nwa ny)

ng,Ny € Bravais lattice

Chern number (an alternative form)
1 _ _ _
No = o Y €apn / dwdk,dk, tr |GT10,GG™10sGG™10,G]

afy
X, B, Y take values w, kx, ky

G—-G+0G ——> 0Ny =0

The only way to change N2is by making G singular.
That requires H to have zero energy eigenvalues.
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Edge states
Ya

Periodic boundary conditions
INn the y-direction

Particle hopping on a
lattice with

211/3 magnetic flux
through each plaguette

\\ VBt
. PN NN
.................... . N AN kx
I e T
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Edge states
Y

Particle hopping on a
lattice with
211/3 magnetic flux

through each plaguette

Hard wall boundary

conditions In the y-direction
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Edge states as a result of topology

Zero energy states must
live In the boundary

k4

Y(x,y) ~e T ety
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Other topological classes®

For a long time 2D particle in a magnetic field was considered to be the only example of
topological classes of single-particle Hamiltonians

Generalizations to 4D, 6D, generally even d, was known, however

(3)!
N, = — i €avar ... /dwddk tr (G104, GG 10,,G...G710,,G
T @) (d+ 1) aoo;.ad ‘ | =l
d must be even all & take values w, ki, ko, ..., Kg

existence of this topological invariant reflects the homotopy class 7T g1 (GL (N s C) — /7
if d is even

Topological classes in high dimensions - perhaps not very physical

Fortunately, it turns out these are not the only topological insulators
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Chiral systems

What if we have Hamiltonians with a special symmetry EHZT — —H

T
t follows 2 — 1 2l =1

Example: systems with

tl tz tl
sublattice symmetry /\ /\ /\

Zn,n’ — (_1)n5nn’

H — E |:t1 &zn_'_]_&Qn _|_ t2 d;n+2&2n+1 —|— hCi| — Z Hnlng &leng
n

ni,n2
( O t; 0 ... 0 0 \
tt 0 to ... 0 0
E(k) = i\/t% + 13 + 2t1t5 cos(k) B(k) 0t 0 ... 0 0
A H=]0 0 0 0

T g T
—7 LT K Lo 0 0 ... H 0
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Topological invariant for chiral systems

1 0 0 V A
P— H — . dodd
(0 —1> (V* 0> pass <a

General topological invariant But here d is odd
(7! ’ | |
Nd: . ﬁ Z ealad/d ktr |:V aalv...v aadV}
(27‘-7’) 2 d' a1...04

)
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Topological invariant for chiral systems

1 0 0 V
Dy = (O _1> H = (VT O> basis (

General topological invariant But here d is odd

L d+1

dodd

aeven

d—1Y)
N, = (5 )! > ealmad/ddktr V0., V... V0,V

(272) =2 d!

a1...0¢(d

Example: d=1

- 0 t) + toe'”
"= <t1—+tze—4k 0 >

With some algebra, one can show

Nl — / %6’;{ In (tl -+ tgeik)

)

)
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Topological invariant for chiral systems

1 0 0 V A
P— H — . dodd
(0 —1> (V* 0> pass (a>

General topological invariant But here d is odd
(5! 1o Ty |
Nd: RS ' Z €a1.“ad/d ktr [V 3Q1VV 8adV}
(27‘-7’) 2 d x1...004
Example: d=1 Kk
p . p b F e
4 0 t) + toe'”
— \ty + e 0

With some algebra, one can show

" odk . —
Nl — / —6’k In (tl -+ tQQZk) Nl 1

)
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Topological invariant for chiral systems

1 0 0 V A
P— H — . dodd
(0 —1> (V* 0> pass (a>

General topological invariant But here d is odd
(d—l)!
N, = 2/ Z €ar o /ddk tr [V'0,,V ... V710,,V]
(27‘-7’)76{' a1...04
E le: d="1 '
xample A\Q_I_ tzezk:
1 — 0 tl -+ tgeik
- t1 + t26_ik 0
With some algebra, one can show O
7T
dk - N1 =0
Nl — —6’k In tl i tQQZk L
/_7T 271 ( ) t1 > 12
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Edge states for 1D chiral systems

YAYaYaY

) @ —

(0 & 0 0
t 0 l2 0
0 t, 0 0 0
H=|0 0 & 0 0
oo oo o
\0 0 0 b 0
HY =0 1921 + 22,41 =0

AV AY

This works (decays for n>0) only if ti<to

That is, if Nv=T7 (not when it is zero)
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Symmetry classes

space dimension 1 2 3 4 5 0
Class A (no symmetry) Z 7 7
Class Alll (chiral symmetry) | Z 7 Z

Altland-Zirnbauer
nomenclature
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Other relevant symmetries

Time reversal UlH*Up = H
Particle-hole .,

, . UcH UC — _H
conjugation

his leads to 10
‘symmetry classes”,
iIntroduced by
Altland and Zirnbauer

. ‘either
UTUT — < OF
. "either
UcUC — < OT

\

f both symmetries are present, chiral symmetry
IS automatically present, with ¥ = UxU

(

Cartan label

T

A (unitary)
Al (orthogonal)

0
+1

AIl (symplectic) —1

AIII (ch. unit.)
BDI (ch. orth.)
CII (ch. sympl.)
D (BdG)

C (BdG)

DIII (BdG)

CI (BdG)

0
+1
—1

0

—1

_—_ O O = = = O O O W\

+1
—1

—1
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Classes with time reversal invariance only

either 41
or —1

Time reversal ULH*(—k)Ur = H(k) UiUp = {

Class Al: time reversal for spinless particles or
spin rotation invariant Hamiltonians

_ k2

—xample:  Haop(k) = —dap a, 5 =1,

2m

Class All: time reversal for spin-dependent
spin-1/2 Hamiltonians (usually implies spin-orbit

coupling) ]2
Hap(k) = o 5.~ 9%aB + gso Z ko, s
I3

o' H o s(—k)o¥ = H(k) Ur = oY UrUs = —
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Only time-reversal is present

Green’s function

These are classes Al, Al

¢ transposed
Iy —1 Goy(k) = Gpa(—k
(G = [/Lw _ 7—[] > U}GTUT — @G ab (k) ba(—F)
Applying the symmetry to G, we can show that the invariant is identically zero it d = 2 + 4n
Ny = — (5)! > e /dwddktr G100, GG ™1 0,,G...G710,,G]
@2mi)eti(d+ 1), =, T o o o
space dimension 1 2 3 4 b5 0 14 3
Class A (no symmetry) 7 7 Z, 7
Class Al (time reversal) 7 7,

Class All (time reversal with

Z.
spin-1/2) Z

Conseqguence: no topological band structure for time reversal invariant systems in 2D.
This is not quite true, however - there is a different topological invariant we haven'’t yet looked at.
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Only particle-hole is present

These are classes D, C

UgH*UC = —H T ~T
> — _

G = [iw—H] " UeG* (w)Uc G(—w)
Applying the symmetry to G, we can show that the invariant is identically zero if d = 4n
N (g)' d 1 1 1

— €apar..ay | Awdktr |GT 00, GG " 0n,G...G" " 0,,G
SNCSS RS TIPS - [ <
space dimension 1 2 3 4 b5 0 14 3
Class A (no symmetry) 7 7 Z, 7
Class D (p-h, U-Ug = 1) 7 7

Class C (p-h, UcUf = —1) 7, 7

Sunday, August 19, 12



The origin of p-h symmetry

AT ¢ gt
BCS superconductor A=-A" h=h

. o i . RN 7 RVAC I
H = Z {thj&;ra/j + Aijaja; T Ajjaia’j} — Z (a’:r ai) (Ajr] —h%) <dT>
- 1] (] J

]

hij — Aij _
e ( i th’> o H 0y = —H Uc =0,
ij Vi This is class D

This describes Bogoliubov quasiparticles

Famous example: px+i py spin-polarized superconductor (important: it breaks time reversal)

ﬁ_ A x_l_’
H = (A 2m_. (pp2 Zpy)) Nz _ 1

_ w 1 nto,n*0gn”
M2 o= 305 s [
7

afy Hv

This superconductor has edge states, just like a particle in a magnetic field

Sunday, August 19, 12



The origin of p-h symmetry

AT ¢ gt
BCS superconductor A=-A" h=h

] " L o ) R fli' Zxd' a@
H = Z {thj&za’j + Az’j&ja;’ T Ajjaia’j} — Z (CLI ai) (Ajr] —h%) <&T>
- 1] 1] J

]

hij — Aij _
e ( i th> o H 0y = —H Uc =0,
ij Vi This is class D

This describes Bogoliubov quasiparticles

Famous example: px+i py spin-polarized superconductor (important: it breaks time reversal)

_ w 1 nto,n*0gn”
M2 o= 305 s [
7

afy Hv

This superconductor has edge states, just like a particle in a magnetic field
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Class C

BCS spin-singlet superconductor

A =AT h=h!

H=Y | 2hjal a;,+Ayalal | —al al)+ Al (a; 654+ — a5,46:4)

= i
hii A
(et wa) (af ) ()
hi A
e O A e R
17 17

Example: d-wave superconductor with the order parameter dxz —q2 -+ ida;y
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Classes with both TR and PH 2°

Automatically have chiral symmetry. Topological invariant in odd dimensional space.

_ () i »
= (2mi) 2 d! a;deal"“d/d bt [V 00, V... V700,V ]
Ny = - (%) > /ddktr SH 0, H . H Oy H
2 (2mi) = d! 1 d
UcU¢s = ec UrUs = er

N, — ) ECET = d=3+4n
¢ d=1++4n
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Example: class DIl
UrpUt = —1
UcUE =1

Cartan label T C S
A (unitary) 0 0O O
Al (orthogonal) +1 0O O
AIl (symplectic) —1 0 O
AIII (ch. unit.) 0 0 1
BDI (ch. orth.) +1 +1 1
CII (ch. sympl.) -1 —1 1
D (BdG) O +1 O
C (BdG) O -1 0
DIII (BdG) -1 +1 1
CI (BdG) +1 -1 1

21
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Example: class DIl
UrpUt = —1
UcUE =1

1. can be a superconductor

Cartan label T C S
A (unitary) 0 0O O
Al (orthogonal) +1 0O O
AIl (symplectic) —1 0 O
AIII (ch. unit.) 0 0 1
BDI (ch. orth.) +1 +1 1
CII (ch. sympl.) -1 —1 1
D (BdG) O +1 O
C (BdG) O -1 0
DIII (BdG) -1 +1 1
CI (BdG) +1 -1 1

21
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Example: class DIl Caantavel T

A (unitary) 0
UT U’; — ]- Al (orthogonal)  +1
AIl (symplectic) —1
U C U gf — ]_ AIII (ch. unit.) 0

BDI (ch. orth.) +1
CII (ch. sympl.) —1

1. can be a superconductor D (BAG) 0

C (BdG) 0

2. has to be a spin-triplet (p-wave)  pmeG -

_—_ O O = = = O O O W

CI (BdG) +1
superconductor
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Example: class DIl
UrUs = —1
UcU =1
1. can be a superconductor

2. has to be a spin-triplet (p-wave)
superconductor

3. has to have spin-orbit coupling

Cartan label T C S
A (unitary) 0 0O O
Al (orthogonal) +1 0O O
AIl (symplectic) —1 0 O
AIII (ch. unit.) 0 0 1
BDI (ch. orth.) +1 +1 1
CII (ch. sympl.) -1 —1 1
D (BdG) O +1 O
C (BdG) O -1 0
DIII (BdG) -1 +1 1
CI (BdG) +1 -1 1

21
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Example: class DIl Caantavel T

C S

A (unitary) 0 0O O

U T U ,ik-, — ]. Al (orthogonal) +1 0O O
AIl (symplectic) —1 0 O

UoU g, — 1 AIII (ch. unit.) 0 0 1
BDI (ch. orth.) +1 +1 1

CII (ch. sympl.) -1 —1 1

1. can be a superconductor D (BdG) 0 41 0
C (BdG) 0O -1 O

1

1

2. has to be a spin-triplet (p-wave)  pme©G -1

CI (BdG) +1 -1

superconductor
3. has to have spin-orbit coupling

This is *He phase B.

2
N p . . . . . .
= 5 (L) tfatnatD Y puotact it b8 Y mactuot il i,
Py, By NN ehal

1 (> )5 A T this must be chirally symmetric.

Y — ( 2 (2m o4 lzv’gp” XYAP lts invariant is Ns=1.
Yy M _i (P _

A Z’Y“ Puay99p 2 (2m ) Oacf SHe is topological and has edge states

(discovered only in ~2008 by Ludwig et al)
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Another example of a 3D DIl insulator

e Sublattice A
e sublattice B

“087 + 9
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Example: Class Cl ;

UrUr =1 Spin-singlet time-reversal invariant
UcUE = —1 superconductor

This Is a conventional s-wave spin-singlet superconductor.

Can be topological in 3D

Conventional superconductors are not topological,

but an example of a 3D Cl topological superconductor is
known (Ludwig et al)
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Full classification table White - nonchiral”

Grey - chiral
d space dimensionality

Cartan 0 1 2 3 4 5 6 7 8 9 10 11
Complex case:

A 7. 0 7 0 7 0 7. 0 7. 0 7 0
AIIl 0 Z. 0 Z. 0 Z. 0 Z. 0 7. 0 7
Real case:

Al 7. 0 0 0 22 0 Zo Z, Z 0 0 0
BDI Lo 7 0 0 0 22 0 Z, Z, Z 0 0
D Lo Lo 7 0 0 0 22 0 Z, Zp, Z 0
DIII 0 Z, Z, Z 0 0 0 22 0 Z, 7, Z

All 222 0 Zp Zp 4 0 0 0 22 0 Z, Zp

CII 0 22 0 Z, Z, Z 0 0 0 22 0 Zp

C 0 0 22 0 Z, Z, Z 0 0 0 2Z O

CI 0 0 0 22 0 Z, Z, Z 0 0 0 2Z
symmetry

classes
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Full classification table White - nonchiral’

4

Grey - chiral

Table from Ryu, Schnyder, Furusaki, Ludwig, 2010

Cartan

d space dimensionality

0 1 2 3 4 5 6 7 8 9 10 11

Complex case:

IQHE -A Z—6—> 0 0 0 Z 0 Z 0
AIII TR/ Vs ¥/ a1} 7/ AR LU v/ e
Real case:

Al Z 0 0 0 22 0 Z, Z, Z 0 0 0
BDI 7, Z 0 0 0 22 0 Z, Z, Z 0 0
D Zo Zo Z 0 0 0 2Z 0 Zo Zo, 7Z O
DIII O 2y 2y 2 T 0 SO T e
All 272 0 Zo Zn, Z 0 0 0 2Z 0 Z, 7
CII O 22 0 Z, Z, Z 0 0 0 2Z 0 7,
C O 0 22 0 Z, Z, Z 0 0 0 2Z 0
CI o 0 0 22 0 Z, Z, Z 0 0 0 2Z
Sﬁggzgy Kitaev, 2009

Ludwig, Ryu, Schnyder, Furusaki, 2009.
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Full classification table

White - nonchiral”
Grey - chiral

d space dimensionality

Cartan 0 1 2 3 4 5 6 7 8 9 10 11
Complex case:

IQHE -A Z—6—> 0 0 0 Z 0 Z 0
AIII 0 RV L B ARA IR A Ny e/

Su, _—
Schrieffer, & :

Heeger { Z 0 0 0 2Z 0 Z, Z, Z 0 0 0
BDI > 0O 0 0 2Z 0 Z, Z, Z 0 O
D Zo Zo, 7Z 0 0 0 2Z 0 Z, Z, 7Z O
DIII 0 Z, Z, Z 0 0 0 2Z 0 Z, Z, Z
All 272 0 Zy Zo Z 0 0 0 2Z 0 Z, 7
CII 0 2Z 0 Z, Z, Z O 0 0 2Z 0 7,
C 0O 0 2Z 0 Z, Z, Z 0 0 0 2Z 0
CI O 0 0 22 0 Z, Zo, Z 0 0 0 2Z

symmetry

classes
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Full classification table White - nonchiral

Grey - chiral
d space dimensionality
Cartan 0 1 2 3 4 5 6 7 8 0 10 11
Complex case:
IQHE -A Z——6> 0 0 OR7Z B
AIII 0 TRV L B AR AR T B
SU _—
Schrieffer, '
Heeger { Z 0 0 0 22 0 Z, Z, Z 0 0 0
BDI ~#»[z] 0 0 o0 2 o0 7, Z, Z 0 O
M 0 0 0 2Z 0 Z, Z, Z O
D p-wave DIH/ Z, Z 0 0 0 2Z 0 Z, Z, Z
supercond ATy 27, 0 7, Z, 7Z 0 0 0 22 0 Z, Z
uctor g 0 22 0 7, Z, Z 0 0 0 22 0 7,
C O 0 22 0 Z, Z, Z 0 0 0 2Z 0
CI o 0 0 2Z2 0 Z, Z, Z 0 0 0 2Z
symmetry
classes
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Full classification table White - nonchiral”

Grey - chiral
d space dimensionality
Cartan 0 1 2 3 4 5 6 7 8 9 10 11
Complex case:
IQHE -A 0 OR7Z B
Alll 2, 0) 2 0) 2, 0) Z,
Su,
SChrieﬁer,K
Heeger 0O Z, 4, Z 0) 0 0
BDI 24, 0 Zp 4, 4 0) 0
D 0O 22 0 Z, 7, Z 0
D p-wave bu_— 0 0 22 0 Z, Z, 7
supercond ATy 0 0 0 2Z 0 Z, 7
uctor Z 0 0 0 2Z 0 7
C Zn 1 0) 0) 0O 2Z 0
CI Zn Lo L 0) 0) 0 2Z
symmetry SHe, phase B
classes !
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Full classification table White - nonchiral”
Grey - chiral

d space dimensionality
Cartan 0 1 2 3 4 5 6 7 8 9 10 11

Complex case:

IQHE -A 0 OR7Z B
ATII Z 0 Z 0 Z 0 Z
Su,
Schrieffer, & ‘
Heeger { 0l 722 =L oo
BDI 27 0 Zy Zo, Z O

D
D p-wave pijp
supercond

All 0 O 0 22 0 Z, Z,
uctor Z 0 0 0 2Z 0 7
C Zo 7 0 0O 0 2Z 0
CI Lo Lo 7 0) 0 0 2%
New Kane-Mele topological insulators
symmetry

SHe, phase B
classes
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New crucial feature - Z2 invariant

Take class All: time reversal invariance with spin-1/2 (with spin-orbit coupling)

ULGT (w, —k)UT = G(w, k)
In 4D it can be topological

Its 3D boundary has gapless excitations. These generally form a Fermi spheres.

Declare g “unphysical” and reduce
dimensions to 3D insulator with

3D boundary of a 4D insulator 2D boundary

A q Dy

‘ ’ Gphys(wapwapy) — G(w7px7py7q)‘q:()

. If the number of Fermi spheres was
Dy odd, the physical 3D insulator has
gapless excitations.
Otherwise, it does not.
Fermi surfaces at the edge Lo
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Full classification table White - nonchiral”

Grey - chiral
d space dimensionality

Cartan 0 1 2 3 4 5 6 7 8 9 10 11
Complex case:

A Zz 0 7z o0 7z 0 zZ 0 zZ 0 Z 0
AlIl o zZz 0 zZ 0 zZz 0 Z 0 Z 0 Z
Real case:

Al Z 0 0 0 22 0 Z, Z, 7Z O 0 0
BDI Zo 7 0 0 O 2% 0 Yo 728% 10 0
D Zo Zo 7Z O 0 0O 22 0 Z, Z, Z O
DIII 0 Zo Zp, Z 0 0 2Z2 0 Zo, Z, Z
All 27 0 0 0 0 2Z 0 Z, Z
CII 0 2% Z 0 0 0O 2Z 0 7,
C 0 0 Zo 7 0 0 0 2Z 0
CI 0 0 Zo Zo Z O 0 0 2%

New Kane-Mele topological insulators
symmetry

classes
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Edge excitations

Take nonchiral insulator in d-dimensions (d even)
It has a d-1 dimensional edge with gapless excitations

d _ 1)1
Nay = —(2 (')2d(d1).1)' Z eaoalmadlfdwdd_zktr [G_laalGG_18a2G...G_laad_lG]
i)z (d — 1)!

a1...04-1

Here « go over w, k1, ..., kq—1

E Oana = 0 except where G is singular or where there are zero-energy excitations
(8%

this integral must be equal to the bulk topological invariant of the insulator

N, = %dso‘na

similarly for d odd and chiral insulators
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Example: quantum hall edge

i = 5 €agas BT [G_lﬁalG]
ot W
5 o
Y a Ik
v '

chiral edge state

_A/‘/ A’k
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Example: an edge of a 3D DIl insulator

his is °He

H=0"k, + O'yk’y UxH*(_k)Ux — _H(k) ph
o, H* (—k)o, = H(k) tr

o, H(k)o, = H(k) chiral

/ Z ds®ng, = 1.

=,y

29
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Example: an edge of a 3D DIl insulator

his is °He

H=0"k, + O'yk’y O'a;/H*(_k)O':c — _H(k) ph
o, H* (—k)o, = H(k) tr

o, H(k)o, = H(k) chiral

1
(k + ik, > /dsana =5 dk" O, In (ky — 1ky)

7TZ
zky
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Edge theory of All 3D topological insulators
Literature states that its 2D

edge is a Dirac fermion theory
H = v (03ps + oypy) — 1

because it IS
1. linear in momenta
2. time-reversal invariant

H(p) = o, H"(—=p)oy
But does it have the right edge invariant?

30
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Edge theory of All 3D topological insulators
Literature states that its 2D
edge is a Dirac fermion theory

H = v (03ps + oypy) — 1

because it IS
1. linear in momenta
2. time-reversal invariant

H(p) = oyH™(—p)oy
But does it have the right edge invariant?

Enlarge dimensions to 4D (3D edge)
H = v (0yps + OyPy T 0.q) —

30
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Edge theory of All 3D topological insulators *
Literature states that its 2D
edge is a Dirac fermion theory q

H = v (03ps + oypy) — 1
Na-2(N\)

because it IS /
1. linear in momenta
2. time-reversal invariant \

H(p) = oy H* (=p)o,
But does it have the right edge invariant?

Enlarge dimensions to 4D (3D edge)
H = v (0yps + OyPy T 0.q) —
Fix g=+A\ or g=-A\

— Py

g s

/V(/ -2 (=A)

H =wvoyp, +voyp, £vAo, — pu  Effectively 2D.
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Edge theory of All 3D topological insulators *
Literature states that its 2D
edge is a Dirac fermion theory q

H = v (03ps + oypy) — 1
Na-2(N\)

because it IS /
1. linear in momenta
2. time-reversal invariant \

H(p) = oy H* (=p)o,
But does it have the right edge invariant?

Enlarge dimensions to 4D (3D edge)
H = v (0yps + OyPy T 0.q) —
Fix g=+A\ or g=-A\

— Py

\1‘_ -

Ng_2(—A\)

H =wvoyp, +voyp, £vAo, — pu  Effectively 2D.

Ny(A) — No(—A) =1 Well known relation
L FSG, 1994 IN this context.

Sunday, August 19, 12



Edge theory of All 3D topological insulators
Literature states that its 2D
edge is a Dirac fermion theory

H = v (03ps + oypy) — 1

because it IS
1. linear in momenta
2. time-reversal invariant

H(p) = o, H"(—=p)oy
But does it have the right edge invariant?

Enlarge dimensions to 4D (3D edge)
H = v (0yps + OyPy T 0.q) —
Fix g=+A\ or g=-A\

/V(/—Z(./\)

30

Ng_2(—A\)

H =wvoyp, +voyp, £vAo, — pu  Effectively 2D.

Ny(A) — No(—A) =1 Well known relation
L FSG, 1994 IN this context.

Yes, it does have the
right edge invariant.
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Disorder

31

Old idea of Thouless, Wu, Niu: impose phases across the system

< >

v

A
[r—— ——

X

Ny = Cgieéqy...cptr /dwddH G 10,,G...G10,,G

Summation over each o = w, 04, ..., 04 is implied

It follows that an edge of a topological insulator
does not localize in the presence of disorder
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31

Disorder
Old idea of Thouless, Wu, Niu: impose phases across the system

I A
Gij(w,é’x,ﬁy 3 )

O

Ny = Cgieéqy...cptr /dwddH G 10,,G...G10,,G

\4
< ) > Summation over each o = w, 61, ...,0, is implied
Y
A €E
d=2: T — This edge level must be
—A «— delocalized

>

//./ ~ 9
- iy

It follows that an edge of a topological insulator
NO (A) — NO (_A) =1 does not localize in the presence of disorder
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Sigma models with “topologica

‘”

Describe lack of localization at the boundary of an insulator

S~ o / Az ((9“@)2 + topological term

Topological term = either WZW term or “Z2” term.

Can be added if either

mg(l) =2y o wg1(T)

terms

= Vi A

32

T - target space

"0 = I

It is believed that these sigma models with topological terms result in the albsence of localization

Cartan Time evolution operator Fermionic replica

label exp{itH} NLo M target space

A U(N) x U(N)/U(N) U2n)/U(n) x U(n) T
AIIl UWN+M)/UN) x UM) U®n) x Un)/U(n) %
Al U(N)/O(N) Sp(2n)/Sp(n) x Sp(n) =
BDI ON+M)/O(N) x O(M) U(2n)/Sp(2n) —
D O(N) x O(N)/O(N) O(2n)/U(n) S
DIII SO2N)/U(N) O(n) x O(n)/0O(n) é
All U(2N)/Sp(2N) O(2n)/0O(n) x O(n) I
CIl  Sp(N+M)/Sp(N) xSp(M)  U(w)/O(n) =
C Sp(2N) x Sp(2ZN)/Sp(2N) Sp(2n)/U(n)

CI Sp(2N)/U(N) Sp(2n) x Sp(2n)/Sp(2n)

“9opAuyog ‘NAY w04

10 classes of

sigma models

first derived by

Altland & Zirnbauer

to describe localization
properties

Justifies 10 symmetry
classes of topological
iInsulators
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