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Abstract

In offshore engineering, it is common practice to estimate long-term extremes under the assumption that environmental

conditions are independent. However, many environmental variables, such as winds and waves, exhibit correlation over

several days. In this work, we consider the impact that this has on estimates of return values of metocean variables,

environmental contours and long-term extreme responses. It is shown that methods which neglect serial correlation over-

estimate the size of extreme events at a given return period. We introduce a new definition of a sub-asymptotic extremal

index, and show how this can be used to quantify the effect of neglecting serial correlation. Simple examples are presented

to illustrate why neglecting serial correlation leads to positive bias. We show how the size of the bias is related to the

average shape of storm events and the shape of the tail of the distribution of storm peak values, with the latter having the

dominant effect. Storm peak distributions with longer tails lead to larger biases when serial correlation is neglected. In

the examples presented, neglecting serial correlation resulted in relative errors of over 50% in the 25-year extreme response

estimates in some cases. The examples presented show that accounting for serial correlation in estimates of environmental

contours and long-term extreme responses can reduce over-conservatism and result in more efficient designs.

Keywords: Long-term extreme, Extreme response, Environmental contour, Short-term variability, Extremal index

1. Introduction

1.1. Motivation

Environmental variables such as winds, waves, currents and surges are serially correlated. Conditions can persist over

time scales of hours to days. In the statistics literature, the effects of serial dependence on the modelling of extreme values

has been discussed widely (see e.g. [1–4]). In offshore and coastal engineering, there are inconsistencies between the way

in which serial dependence is treated in estimates of univariate extremes, multivariate extremes and long-term extreme

responses. For univariate extremes, it is common practice to use methods such as annual maxima or peaks-over-threshold
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[5], which remove the effects of serial correlation by considering only peak events that are sufficiently separated in time that

they are effectively independent. Other methods, such as the average conditional exceedance rate (ACER) method [6],

explicitly treat the serial correlation in a univariate time series. In contrast, multivariate extremes or long-term extreme

responses, are often calculated based on the distribution of all observations, under the tacit assumption that sequential

observations are independent.

The distribution of all observations is different to distribution of peak events. When the interest is in assessing the

probability of structural failure due to an extreme response, the pertinent problem is to estimate how often a storm event

will occur in which a given response level is exceeded. If such an event occurs, it doesn’t matter how many times a failure

would occur within the storm event. In this case, it is the distribution of peak events that is of interest. However, if we are

interested in the total number of times a level is exceeded (e.g. for low-cycle fatigue analysis), then it is the distribution of

all observations that is of interest. In this paper, we focus on the problem of estimating the occurrence of extreme events

for the purpose of assessing the risk of structural failure.

The main point that we wish to emphasise, is that neglecting serial correlation will result in over-estimates of the

occurrence of extreme events. To illustrate this point, consider the following simple example. Suppose we have a 100-year

time series of significant wave height, Hs, in which there is one storm which exceeds Hs = 10 m, and all other storms

have Hs < 10 m. Suppose that in the largest storm, there are r hours which exceed 10 m. If each hour is treated

as an independent event, then the empirical estimate would be that Hs = 10 m is exceeded r times in 100 years, on

average. Whereas, in fact, there was only one event in 100 years which exceeds Hs = 10 m. Of course, the actual return

period of the largest storm in the record is not known exactly, but the example illustrates the difference between the two

interpretations.

It is important to emphasise that neglecting serial correlation in the data does not necessarily lead to bias in the

estimate of the distribution of all observations. Rather, the simple example above illustrates that the distribution of all

observations is not what is required for estimating the occurrence of extreme events. The distribution of all observations

tells us the proportion of time that a level is exceeded. It tells us nothing about how those exceedances are distributed in

time, in particular it does not specify the rate of up-crossing of a particular level.

The problem of dependence is also important in the estimation of spatial extremes, and many of the methods to

account for spatial dependence are similar to those for temporal (serial) dependence. However, the most common problem

in offshore engineering is to estimate extreme events based on a time series of historic observations, so the focus here is

on the effect of temporal rather than spatial dependence.

The arguments we present in this work will be familiar to some people in the offshore and coastal engineering com-

munities. However, from various conversations with practitioners involved with estimating both extreme environmental

conditions and extreme loads on marine structures, it was clear that the effect of neglecting serial correlation is not widely

appreciated in the offshore community. Moreover, a number of widely-used methods for estimating extreme events do not

account for serial correlation. For example, environmental contours are usually constructed from the distribution of all

observations, without accounting for serial correlation [7]. Similarly, estimates of long-term extreme response calculated by

integrating the short-term distribution function over the long-term distribution of environmental conditions (e.g. [8–10]),

also neglect serial correlation. The various methods for combining short-term response functions with long-term distri-

butions of environmental conditions has been considered by a various authors in the past (e.g. [9, 11, 12]). The current
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work extends these studies by considering the impact of serial dependence in a range of contexts, including univariate and

multivariate problems.

The main aim of this paper is to illustrate why it is important to consider dependence in estimates of extreme events

and provide examples which quantify the impact of neglecting serial correlation in practical cases. We also consider

the theoretical treatment of serial dependence in the statistical literature, and show how the effect of neglecting serial

correlation can be quantified in terms of the extremal index, defined in the following sub-section. The examples are

intended to provide a more intuitive understanding of why neglecting serial correlation causes bias, and explain how

various factors influence the size of bias.

1.2. Statistical treatment of dependence in time series extremes

In the statistics literature, extremes of time-series have been considered by a number of authors over many years.

Chavez-Demoulin and Davison [4] provide a relatively recent review. Informally, the analysis considers a time-series

X1, ..., Xn such that the marginal distribution of Xi is common to all choices of i ∈ [1, 2, ..., n]. It is then assumed that

the time-series exhibits serial dependence, with certain conditions. Importantly, the focus of the analysis is typically the

estimation of the common marginal distribution F . As discussed above, this is not typically the main concern of the ocean

engineer interested in estimation of return values and similar quantities.

For the practical analysis of dependent sequences, some constraints are usually assumed, which limit the long-range

dependence at extreme levels. A widely used constraint is the so-called D(un) condition (see e.g. [1–3]). Informally, for

sequences which meet this condition, the events Xi > u and Xj > u are approximately independent, provided that u is

high enough and times i and j are sufficiently separated.

The key metric used to quantify temporal dependence in extreme values is the extremal index, θ. The extremal

index can be defined in a number of equivalent ways. In serially correlated time series, extreme events occur in clusters.

Asymptotically, extremes of a stationary sequence can be shown to occur in clusters with mean size 1/θ [13, 14]. An

equivalent way to define the extremal index is in terms of the distribution of the maximum values of a sample. Suppose

that X1, ..., Xn are a stationary process with some level of serial correlation, and with marginal distribution function F .

Assuming that F is max-stable (see e.g. [2, Defn. 3.1]), the distribution of the maximum of a sample will tend to a limit

Pr(max {X1, ..., Xn} ≤ x) → G(x) as n→ ∞, where G is a member of the generalised extreme value (GEV) family. Now

consider a sequence of independent variables, X̃1, ..., X̃n, also with common distribution function F . It can be shown that

Pr(max{X̃1, ..., X̃n} ≤ x) → G̃(x) as n → ∞, where G̃ is also a member of the generalised extreme value (GEV) family,

and G(x) = [G̃(x)]θ, where θ ∈ [0, 1] is the extremal index (see e.g. [2, Theorem 5.2]). In the case that θ < 1, we have

G(x) = [G̃(x)]θ > G̃(x), so if the serially correlated data are treated as independent, this will result in an over-estimate

of the probability of extreme events.

For a series of independent observations we have θ = 1, but there are also dependent series for which θ = 1. For

example, Chavez-Demoulin and Davison [4] note that linear Gaussian autoregressive-moving average models have θ = 1,

corresponding to independent extremes at very high levels, despite clustering at lower levels. This highlights a key feature of

the extremal index. Coles [2, p97] notes that “a series for which θ = 1 means that dependence is negligible at asymptotically

high levels, but not necessarily so at extreme levels that are relevant for any particular application”. Tawn [15] proposed

a penultimate approximation for the extremal index, θx, which depends on the level, x and noted that in general θx ≤ θ.

3



Ledford and Tawn [16] define the sub-asymptotic extremal index as θx(n) = Pr(X2, X3, ..., Xn ≤ x|X1 > x). A review

of methods for estimating the extremal index was presented by Ancona-Navarrate and Tawn [17], who noted that most

methods for estimating θ actually estimate θx. Some authors have proposed incorporating estimates of θx explicitly into

inferences of extremes from serially correlated data (e.g. [18]). However, most studies concerned with the effect of serial

correlation, only consider the asymptotic extremal index, θ. In the examples presented in Sections 3-5, we show that

understanding how θx varies with x (or equivalently with return period), is important for various problems in offshore

design. In Section 2, we introduce a new definition of a sub-asymptotic extremal index and show how this is related to

biases in return values and return periods when serial correlation is neglected.

A multivariate extension to the extremal index has also been proposed [19]. Whereas in the univariate case, the

asymptotic dependence is summarised by a single number, in the multivariate case the extremal index is a function,

describing the dependence as a function of angle [3]. In the present work, the examples considered can all be reduced to

univariate problems, so our focus will be on the univariate extremal index.

Another important metric for dependence in time series extremes is the limiting conditional probability limu→∞

Pr(Xt+τ > u|Xt > u), which estimates the extent of asymptotic dependence in the time series at lag τ . This corresponds

to the so-called χ statistic used in spatial extremes [20], and has been referred to as the extremogram [21]. For stationary

series, the quantity Pr(Xt+τ > u|Xt > u) − Pr(Xt > u) will tend to zero when Xt and Xt+τ are independent. This

quantity can be plotted as a function of τ for various thresholds u, to select de-correlation timescales used in declustering

routines [12]. The corresponding χ̄ statistic, characterising asymptotic independence can also be estimated [20].

For univariate environmental data it is more common to adopt either the annual maxima method or peaks-over-

threshold method. In the latter, a suitable declustering scheme is used to select events that are approximately independent,

thus ensuring that θ ≈ 1. It is important to note that, in the statistics literature, the distribution of quantities such as

cluster maxima are considered mainly as a pragmatic approach to obtain the marginal distribution of all observations. In

ocean engineering, however, it is often appropriate to focus on the distributions of cluster maxima or storm peak events.

1.3. The effect of seasonal and long-term variation

Throughout this work we will be mainly concerned with the effect of serial correlation in environmental conditions over

time-scales of hours to several days. Seasonal variation in environmental conditions introduces a longer range dependence

into conditions. However, this has a slightly different effect to short-range serial dependence. Provided that storm peaks

are sufficiently separated in time, storm peak values of variables such as wind speeds or wave heights, can be considered

as independent realisations from a distribution that is dependent on the season. That is, the storm peak value does not

dependent on the size of the previous storm peak, but only the time of year when it occurs. Mackay and Johanning [12]

showed that when the seasonal signal is removed from time series of significant wave height, Hs, values of storm peak Hs

separated by 4-5 days were effectively independent.

Seasonality can be modelled as a covariate effect. There is some debate about whether it is necessary to model

seasonality and other covariate effects in order to accurately characterise the annual (or omni-covariate) distribution

[22, 23]. Using a non-stationary model can improve the accuracy in some cases, but this is dependent on the particular

covariate model used and the strength of covariate influence [24]. The naive use of non-stationary models, where the

data is subdivided into seasonal bins and an independent model is fitted in each bin, will lead to larger biases than using
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stationary models [23, 24].

Alternatively, the effect of seasonality can be modelled by first removing the seasonal signal (see e.g. [25]). However,

this generally requires stronger assumptions than covariate approaches, for example that there is no change in the shape

of the distribution over the year and that seasonality only affects the mean and variance.

Longer-term climate patterns such as the El Niño Southern Oscillation (ENSO) or the North Atlantic Oscillation

(NAO) can also introduce long-range dependence into environmental conditions. However, as with seasonality, these can

also be modelled as covariate effects. While neglecting short-range dependence will always result in a positive bias in

estimates of return values, the effect of neglecting covariate effects such as seasonality or long-term climatic variations is

case dependent and can result in either positive or negative biases.

1.4. Definition of return periods for serially correlated data

Suppose, as above, that X is any observation of a serially correlated sequence in time, with common marginal distri-

bution function F . An equivalent independent sequence, X̃, also with marginal distribution function F , can be defined

by randomising the order of observations in the dependent sequence. Alternatively, inferences from X̃ can be interpreted

as those that would be obtained if the serial correlation in the dependent sequence, X, is ignored and observations are

treated as independent.

We denote cluster maxima in the dependent sequence as Xc, where it is assumed that clusters are defined such that Xc

are sufficiently separated in time that they are effectively independent. The marginal distribution of the cluster maxima

is denoted Fc. It is assumed there are a fixed number, n, observations of X (or X̃) per year and m cluster maxima on

average per year.

The return period of level x for the dependent sequence, X, is defined as

T (x) =
1

m(1− Fc(x))
. (1)

Note that if annual maxima of X are considered, rather than cluster maxima, then definition (1) still applies, under the

interpretation that Fc is the distribution of annual maxima and m = 1. In this case, return values can only be defined

for T > 1. As it is often useful to consider the 1-year return value, it is useful to define return periods in terms of cluster

maxima rather than annual maxima.

The return period of level x for the independent sequence, X̃, is defined as

T̃ (x) =
1

n(1− F (x))
. (2)

Equation (2) is sometimes used (incorrectly) to define return periods and return values for the dependent sequence. Our

main concern in this paper will be to quantify the impact of using equation (2) to calculate return periods and return

values when the data exhibit serial correlation.

For serially correlated data, arguably, it is clearer to define return values in terms of the distribution of the maximum

value in the return period. If we denote the distribution of the maximum value of X in T years as FT (x) then the T -year

return value can be defined as the solution of

FT (x) = exp(−1). (3)
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If we suppose that occurrences of cluster maxima are independent and a Poisson point process with mean rate of occurrence

m per year, then FT can be written

FT (x) =

∞
∑

k=0

fP (k)[Fc(x)]
kT , (4)

where fP (k) is the Poisson probability mass function, given by fP (k) = e−mmk/k!. Noting that exp(x) =
∑∞

k=0 x
k/k!,

we can write:

FT (x) = exp(−mT (1− Fc(x)). (5)

Equating (3) and (5) shows that the two definitions of return periods for the dependent sequence, (1) and (3), are

equivalent. The use of definition (1) requires the identification of independent cluster maxima, whereas definition (3) does

not explicitly include the requirement to define independent events, only the requirement to establish the distribution of

the maximum value in T -years. Of course, the problem of estimating FT will require some method to account for the

serial correlation in the data, for example through declustering to identify independent peaks, the use of annual maxima

or through explicit treatment of the time series dependence structure. As will be seen in Section 2, definition (3) is useful

when considering the theoretical aspects. However, for the practical examples considered in Sections 3-5, definition (1) is

more useful.

1.5. Outline of the paper

In Section 2 we introduce a new definition of a sub-asymptotic extremal index, θT , which is dependent on return period

T . We show how the impact of neglecting serial correlation on estimates of extremes can be quantified in terms θT . We

then go on to consider three types of problem involving serial dependence. Firstly, in Section 3, we consider the estimation

of univariate extremes of an observed variable, such as an environmental state or measured response. Methods for dealing

with serial correlation are well understood for this case. However, it is instructive to start by considering this simple case

to illustrate the general principle. The examples demonstrate why neglecting serial correlation leads to biases, and how

the size of the biases (or, equivalently, the value of θT ) are related to the average shape of storm events and the shape

parameter for the tail of the distribution of storm peak events. The theory and results developed in Sections 2 and 3 are

then applied to more complex problems. In Section 4, we consider the effect of serial correlation in a multivariate context,

where extremes are quantified in terms of environmental contours. In the third example, in Section 5, we go on to consider

the effect of serial correlation on long-term extremes of a short-term response. In this case, the short-term response is

not directly observed, but is specified in terms of a distribution conditional on the environmental state. If the short-term

process is not directly observed, then the historic time series of environmental conditions combined with the short-term

response function only gives a probabilistic description of historic response, so the methods required to account for serial

correlation are slightly different to the case where we are interested in the extremes of an observed variable. Finally, the

conclusions of the work are presented in Section 6.

2. Theoretical aspects

In this section, we demonstrate how the effect of neglecting serial correlation on return values and return periods, can

be quantified in terms of the extremal index. In Section 2.1, we introduce a new definition of a sub-asymptotic extremal
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index, relevant for any return period of interest. In Section 2.2 we show how this new definition of the sub-asymptotic

extremal index is consistent with the usual asymptotic definition of the extremal index, introduced in Section 1.2.

2.1. Relation between extremal index, return periods and return values at sub-asymptotic levels

As before, suppose that X is a serially-correlated random process, with marginal distribution function F . According

to the results discussed in Section 1.2, there exists a value θT ∈ [0, 1] such that the distribution of the maximum value in T

years is given by FT (x) = [F (x)]θTnT , where n is the (fixed) number of observations per year. Here, θT is a sub-asymptotic

extremal index, with θT ≤ θ. Using definition (3), the return period of x, is the solution of

[F (x)]θTnT = exp(−1). (6)

The return period for the equivalent independent sequence is the solution of

[F (x)]nT̃ = exp(−1). (7)

Equating (6) and (7) and taking logarithms, we have

θT (x) =
T̃ (x)

T (x)
. (8)

So, the sub-asymptotic extremal index, θT , can be interpreted as the ratio of the return period of x, calculated under the

assumption of independence, to the true return period of level x.

Whilst the effect of serial correlation on return periods of a given level is dependent only on θT , the effect on return

values depends on the shape of the distribution. To illustrate this, we assume that the distribution of the maximum value

in T years for the dependent sequence is [F (x)]θTnT ≈ G(x), where G is a member of the GEV family, with cumulative

distribution function (CDF)

G(x) =











exp (− exp (−s)) , ξ = 0,

exp
(

− (1 + ξs)
−1/ξ
+

)

, ξ 6= 0,

(9)

where z+ = max {z, 0}, s = (x − µ)/σ, µ ∈ R is the location parameter, σ > 0 is the scale parameter and ξ ∈ R is the

shape parameter. Under this assumption, it is straightforward to show that [F (x)]nT ≈ G̃(x) is also a GEV distribution,

where G̃θT (x) = G(x) and the parameters of G̃ are given by

µ̃ =















µ− σ log (θT ) , ξ = 0,

µ− σ
1− θ−ξ

T

ξ
, ξ 6= 0,

(10a)

σ̃ = σθ−ξ
T , (10b)

ξ̃ = ξ. (10c)

So serial correlation has no effect on the shape of the tail of the distribution, or on the upper end point in the case that

ξ < 0, where the upper end point is given by xF = sup {x : F (x) < 1} = µ − σ/ξ = µ̃ − σ̃/ξ̃. The size of the bias in the

T -year return value, caused by neglecting serial correlation, can be calculated by comparing the quantiles of G and G̃ at

probability level p = exp(−1). The inverse distribution function for the GEV is given by:

G−1(p) =











µ− σ log(− log(p)), ξ = 0,

µ+
σ

ξ

(

(− log(p))
−ξ − 1

)

, ξ 6= 0,
(11)
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Figure 1: Bias in the return value estimated under the assumption of independent observations, x̃T , relative to true return value, xT , for various

values of the sub-asymptotic extremal index, θT . Calculations assume that the true distribution function of the T -year maximum is a GEV

distribution with arbitrary location parameter, scale parameter, σ, and shape parameter, ξ.

for p ∈ [0, 1]. Using definition (3) and substituting p = exp(−1) into (11) gives

x̃T − xT
σ

=















− log (θT ) , ξ = 0,

θ−ξ
T − 1

ξ
, ξ 6= 0,

(12)

where xT is the true return value and x̃T is the return value for the equivalent independent sequence. The size of the bias

is determined entirely by σ, θT and ξ. The bias is independent of the location parameter, µ, and scales linearly with the

scale parameter, σ. The bias in return value estimates is shown in Figure 1 as a function of ξ for three values of θT . For

a given value of θT , the bias increases with ξ.

In the discussion above, θT is defined in terms of the distributions of the T -year maximum, FT (x). In practical cases

of interest, it is not known a priori how θT varies with T . In the simulations presented in Section 3, it will be shown

that for a given level of serial correlation around the storm peak, the value of θT is strongly dependent on the shape

parameter of FT . Therefore, quantifying bias in return values in terms of ξ and θT alone does not tell the full story. The

relationship between bias and ξ shown in Figure 1, must be understood as the relationship for a fixed value of θT . The

analysis presented in Section 3 indicates that if the average shape of a storm is roughly constant, then θT will decrease

as ξ increases. In the case that ξ < 0, it will be shown that θT → 1 as T → ∞, and hence the bias caused by neglecting

serial correlation also tends to zero. However, when ξ ≥ 0, we can have θT → θ < 1 as T → ∞ and the bias tends to a

constant value.

2.2. Asymptotic considerations

The discussion above has focused on the effect of serial correlation at sub-asymptotic levels. A somewhat surprising

asymptotic result is that as the threshold tends toward the upper end point of the distribution, the conditional distribution

of a randomly chosen threshold exceedance converges to the conditional distribution of cluster maxima (see e.g. [26–28]).

To state this more precisely, suppose, as above, that X is a serially-correlated random process, with marginal distribution
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function F , and upper endpoint xF ≤ ∞. Under the assumption that F is max-stable, we have

lim
u→xF

Pr(X > x|X > u) = H̄(x), (13)

where H̄ = 1−H(x) and H(x) is a member of the generalised Pareto family. Similarly, for cluster maxima, Xc, we have

lim
u→xF

Pr(Xc > x|Xc > u) = H̄(x). (14)

To examine the effect that the asymptotic equivalence of these distributions has on estimates of return values, we need

to consider the non-conditional probabilities Pr(X > x) and Pr(Xc > x). Denote the threshold exceedance probabilities

for all observations and cluster maxima as pa = Pr(X > u) and pc = Pr(Xc > u). Then Pr(X > x) = paH̄(x) and

Pr(Xc > x) = pcH̄(x). Using (1), the return period of level x > u for the dependent sequence is given by

T (x) =
1

mpcH̄(x)
, u→ xF . (15)

Similarly, using (2), the return period of level x > u for the equivalent independent sequence is given by

T̃ (x) =
1

npaH̄(x)
, u→ xF . (16)

Note that mpc is the expected number of clusters per year with peak value that exceeds u, and npa is the expected number

of observations per year that exceed u. Therefore, for x > u,

T̃ (x)

T (x)
=
mpc
npa

= θu = θ, u→ xF , (17)

where we have used the interpretation that θu is the inverse of the mean cluster size at level u, noted in Section 1.2. As

this is an asymptotic result, θu is equal to the asymptotic extremal index θ for u → xF . So, although the conditional

distributions of cluster maxima and all observations are asymptotically equivalent, the difference in the expected number of

clusters and observations exceeding a given level, u, results in different return periods for the dependent and independent

sequences, consistent with the analysis in the previous section.

3. Effect of serial correlation on univariate extremes

In this section, we consider two examples to illustrate the effect of serial correlation on univariate extremes. In the

first example, we assume that the time series consists of a series of independent ‘storm’ events, where the evolution of the

variable over the storm is given by a simple parametric form. The motivation for using a parametric representation of the

time series, is that it allows us to adjust the level of serial correlation around the storm peaks. In the second example,

we use more realistic time histories, resampled from measured time series. Throughout this section, our interest lies in

the extremes of an observed variable (i.e. there is no unobserved short-term variability). The case where we have an

unobserved short-term response is considered separately in Section 5.

3.1. Examples with parametric time series

In this example, we consider time series of significant wave height, Hs, but the conclusions from the analysis are

applicable to other variables as well. We assume that the time series of Hs is composed of discrete storm events, where
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the peak values of Hs in each storm, denoted Hpeak
s = A, are assumed to be independent GEV variables, with CDF given

in (9). In the present example, we fix the location parameter as µ = 4 and scale parameter as σ = 1. The duration of

each storm, B, is assumed to be related to the storm peak, by the fixed relation B = 150A−0.25 hours (a similar relation

was reported in [29]). The time series of Hs within each storm is given by the ‘power storm’ model [30]:

Hs(t) = A

[

1−
(

2|t− t0|
B

)λ
]

, −B/2 ≤ t− t0 ≤ B/2, λ > 0 (18)

where t0 is the time corresponding to the storm peak. When λ = 1, the storms are triangular. When λ < 1, the storms

have sharper peaks, and when λ > 1, the storms have more rounded peaks. The storm shape parameter, λ, determines

the level of serial correlation around the storm peak. For λ → 0, the peak becomes narrower, the storm tends to a delta

function, with value A at the storm peak and Hs → 0 away from the storm peak. In this case, the serial correlation close

to the peak tends to zero. Conversely, as λ→ ∞, the storm tends to a constant rectangular shape, with constant Hs = A

throughout the storm. In this case, the serial correlation within the storm is equal to one.

We use numerical simulation to generate random storm peaks, A, with the values of Hs over the course of the storm,

conditional on Hpeak
s , given by (18). An example of random storms generated using the power storm model is shown in

Figure 2. In this example, the shape parameter for the GEV distribution of storm peak heights is ξ = 0, and the storms

have been generated using exponents of λ = 0.5, 1 and 2. The distribution of storm peak heights is not affected by the

storm shape parameter λ (it is determined solely by the GEV parameters), whereas the marginal distribution of Hs is

directly affected by the value of λ.

Simulations were conducted for three values of the GEV shape parameter, with ξ = −0.2, 0 and 0.1. For each value

of ξ, 108 random storm peak heights were simulated and hourly values of Hs within each storm were generated for storm

shape parameters λ = 0.5, 1, and 2. The total lengths of the simulations were approximately 2× 106 years (this is related

to the fixed relationship between A and B, noted above).

Figure 3 shows return values estimated from the independent storm peaks and from all hourly values of Hs, under the

assumption of independence. Return values are shown for return periods up to 104 years, where the sampling uncertainty

is an acceptable level (see [31]). It is clear that both the GEV shape parameter and the storm shape parameter influence

the differences between the return values from the storm peak values and the return values calculated from hourly Hs

under the assumption of independent observations. As expected, the effect of neglecting serial correlation has a greater

impact when the correlation around the storm peak is higher, corresponding to the higher values of λ.

For the simulations with ξ = −0.2 and λ = 0.5, neglecting serial correlation has negligible effect for return periods

greater than 10 years. The reason for this is that when a storm occurs with a peak height exceeding the 10-year return

value, typically there is only one hour in the storm when this occurs, so exceedances of this level are effectively independent.

However, for higher values of the storm shape parameter there are typically multiple hours in a storm exceeding the true

10-year return level, which are all treated as independent events if serial correlation is ignored. In the latter case, the

more correlated observations that are treated as independent, the greater the bias will be.

The GEV shape parameter has a similar effect. In the case that the distribution of storm peaks has a longer tail (i.e.

higher values of ξ), the difference between e.g. the 10-year and 100-year return value is larger. So, when a storm occurs

where the peak value exceeds the 100-year level, there will be many hourly values which also exceed the 10-year level. So

if these are all treated as independent events then this will introduce bias. In contrast, when the tail of the distribution
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Figure 2: Simulated time series using parametric storm shapes with random peak heights and various storm shape parameters, λ. The storm

shape affects the marginal distribution of Hs, but not the distribution of peak heights.

of storm peaks is shorter, the difference between the 10-year and 100-year level is smaller, so for a storm with peak value

exceeding the 100-year level, there will be fewer hourly values exceeding the 10-year level.

Estimates of θT are shown in Figure 3. It is evident that θ is dependent on both the storm shape parameter λ and

the GEV shape parameter ξ. For the cases with ξ = −0.2, θT increases with level for all values of λ. For the more peaked

storms with λ = 0.5, the extremal index tends towards 1 for Hs > 8 m (note that finite sample size effects mean that θT

is not exactly equal to one). However, for ξ = 0 and ξ = 0.1, the extremal index for λ = 0.5 tends to a constant less than

1 (note that the upper limit of the x-axis has been set at the 104-year return value, so that sampling variability is kept to

a reasonable level). So, despite the level of serial correlation around the storm peaks being constant, θT varies with the

shape of the distribution of storm peak heights. Since θT effectively quantifies the level of bias introduced by neglecting

serial correlation, the reason for the dependence of θT on ξ is clear, given the discussion above. When ξ < 0, the GEV

distribution has a finite upper end point, xF = µ − σ/ξ. In this case, for storms which have a fixed shape with a single

largest value, there will be only one point in a storm that exceeds a level x as x→ xF . This means that exceedances of x

are independent as x→ xF and hence θT → 1. In contrast, for ξ ≥ 0 and fixed storm shape, θT will tend to a finite value.

The examples presented in this section are relatively simplistic, but serve to illustrate how the storm shape and the

distribution of the storm peak values both influence the bias related to neglecting serial correlation. In the next section,

we use more realistic examples to illustrate the effect of serial correlation in real datasets.

3.2. Examples with resampled time series

In this section, we illustrate the effect of serial correlation in a dataset for a location in the central North Sea (dataset

E from the recent benchmarking exercise for environmental contours [32]). The dataset consists of a 50 year time series of

hindcast values of Hs and wind speed at 10 m above water level, U10, at hourly intervals. If we used the original 50-year

time series to compare empirical estimates of return values from declustered peaks and all hourly observations, then the

largest return values will coincide from both methods. However, this is an effect of finite sample size, which will happen

for any sample, since the largest storm peak is, by definition, equal to the largest observation.

To circumvent this problem, we can resample the time series to create synthetic time series of arbitrary length. We use

an approach similar to that outlined in [33], although here we consider each variable on its own, rather than modelling their

joint distribution. The method is as follows. The time series of Hs and U10 are declustered to identify local peaks which

are approximately independent, with peaks defined as local maxima within a moving window of length ±5 days, to ensure
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Figure 3: Top row: Return values of Hs calculated using the time series of parametric storms, for various storm shape parameters, λ, and GEV

shape parameter, ξ. Black lines show return values calculated from storm peak values only. Coloured lines indicate return values calculated

from all values of Hs under the assumption of independent hourly observations. Bottom row: estimated sub-asymptotic extremal index, θT .

peaks are separated by a minimum of 5 days. (Changing the minimum separation time used for the declustering mainly

affects the isolation of lower peaks which have little influence on the extremes). Each time series is then partitioned into

blocks where the peak values are assumed independent. The boundaries between the blocks are defined as the minimum

value between adjacent peaks. This definition is somewhat arbitrary, but ensures that large values are not located close to

block boundaries, so we do not separate one ‘event’ into separate blocks. Figure 4 shows examples of how the time series

of each variable are partitioned into blocks.

The storm-peak values are modelled with a GEV distribution, with CDF given by (9). It is more common to model

the storm-peaks exceeding some threshold level with a generalised Pareto (GP) distribution. However, here we wish to fit

a distribution to all storm-peak values, which can be used for simulating artificial time series. This could be achieved by

using a two-part model with a parametric distribution for the body of the distribution and a GP model for the tail. The

problem with this approach is that it is difficult to ensure continuity of the density function on the boundary between

body and tail. The GEV gives a simple, flexible model for all storm-peak values, and avoids the need to fit a two-part

model. In practical cases of estimating univariate extremes, this would not be necessary, as only a model for the tail is

required.

Figure 5 shows the fitted GEV distributions and parameter estimates for the peak values of Hs and U10. Whilst

the GEV distribution is asymptotically justified as a model for maxima of blocks of constant size and sufficient length,

the model diagnostics for the current data suggests that it is still a reasonable model for both variables in this example,
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despite the non-constant block sizes and finite block length. It should be emphasised that the aim here is not to fit an

optimal model for the data or to advocate that data should be modelled in this way in general. The aim is to fit a

simple parametric model for all storm peak values, which can be used to generate synthetic time series that are reasonably

realistic. Figure 5 indicates that the GEV distribution is a reasonable model for the peaks for this purpose.

To simulate synthetic time series, we simulate random storm peaks and resample and rescale the observed blocks to

match the simulated peak heights. However, the correlation structure of the observed time series is dependent on the

block-peak value. To illustrate this, we can consider the mean storm shape as a function of peak level. If hourly values

are treated as independent, then the order in which they occur within each block does not matter. So we can re-order

each block into a descending sequence, to examine how many hours there are where Hs or U10 is close to the peak value.

Figure 6 shows the average shape of the ordered blocks (or ‘storms’), when storms are binned by the peak value. The

average storm shape is similar for both Hs and U10. In both cases, the larger storms decay more rapidly away from the

peak. To preserve this effect, for each simulated storm peak, measured blocks are resampled at random from the five

blocks with the closest peak values. This does not provide a way to extrapolate the shape of the storm outside the range of

observations, but provided the extrapolation is not too large, the results should be representative. It should be noted that

although there may be covariate effects on the distribution of storm peak Hs or U10 in the original data (e.g. dependence

on season or direction), by design, there are no covariate effects in the simulated time series.

A total of 106 random storm peaks were simulated from the fitted GEV distributions for U10 and Hs. This gave a total

length of approximately 30,000 years of hourly records. Figure 7 shows the return values of Hs and U10 from the peak

values and the hourly values from the resampled time series. Return values are shown for return periods between 0.1 and

100 years, for which the sampling uncertainties in the return values are very low from the 30,000-year time series (see [31]).

For Hs there is a difference of more than 2 m at the 1-year level and around 1 m at the 100-year level. For U10 the difference

at the 1-year level is around 1.7 m/s, but at the 100-year level, the difference is relatively small (around 0.1 m/s). Figure 6

indicated that the level of serial correlation around the storm peaks was similar for winds and waves at this location. The

difference between the effect of neglecting serial correlation is therefore related to the shape of the tail of the distribution

of storm peaks. The tail of the distribution of Upeak
10 is shorter than the tail for Hpeak

s (i.e. the GEV shape parameter was

more negative, as shown in Figure 5); as discussed in the previous section, this results in exceedances of higher levels being

effectively independent. It is important to note that these conclusions about neglecting serial correlation are particular

to this example. In other locations, where the shape of the distribution of storm peaks is different or where the average

ordered storm shape is different, then the effect of serial correlation would change accordingly, as indicated by the simple

examples in the previous section.

4. Effect of serial correlation on environmental contours

Environmental contours (EC) are widely used as an approximate method of estimating the long-term extreme response

of a marine structure, based on response calculations for a small number of design conditions. In the EC method, the

probabilistic description of the environment is separated from structural design, by making certain assumptions about the

region of the environmental variable space where the structure fails (the failure region). The most commonly used EC

approach is the inverse first-order reliability method (IFORM) [34]. In this method, it is assumed that the failure surface
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Figure 4: Examples of time series of Hs and U10, with declustered peaks circled in red and minima between adjacent peaks indicated by dashed

lines.

(the boundary of the failure region) can be approximated by a straight line in two dimensions (or hyperplane in higher

dimensions) at the design point (the point on the failure surface with the highest probability of occurrence). The IFORM

approximation to the failure surface is illustrated in Figure 8. The method can be applied in higher dimensions, but we

will restrict our attention to the two-dimensional case.

Typically, short-term variability in the response is not considered directly in the EC method. Instead, the short-term

response is evaluated at a fixed quantile. Often the median value of the distribution of the maximum response in each

environmental state is used, but some design standards recommend using a higher quantile to compensate for neglecting

the effect of short-term variability – see e.g. [34–36]. This is equivalent to assuming that the short-term response function is

deterministic, with the value given by the fixed quantile of the distribution of the maximum response in each environmental

state.

Under these assumptions, the problem of estimating extreme structural responses is reduced to estimating the prob-

ability that environmental conditions fall within the half-plane region defined by the linearised failure surface. Since the

location of the failure region is not known, the α-exceedance environmental contour is defined by the intersection of all

half-plane regions containing a probability 1 − α. The definition of these regions is not unique. In the original IFORM

method [34], the regions are calculated by applying the Rosenblatt transformation to the joint density function, which

maps the original variables to independent standard Gaussian variables. In the Gaussian space, the half-plane areas

containing a probability 1−α are at a constant radius of Φ−1(1−α) from the origin, where Φ is the CDF of the standard

Gaussian distribution. Huseby et al. [37, 38] noted that it was not necessary to apply the Rosenblatt transformation to

calculate these exceedance regions and proposed that the boundary of the half-plane regions could be calculated in the
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Figure 5: GEV fit to declustered storm peaks for North Sea dataset. GEV parameter estimates are shown above each plot.

Figure 6: Average shapes of ordered storms for North Sea dataset.

original parameter space.

Both the original and modified IFORM methods can be calculated by projecting the variables onto lines at various

angles, ψ, to the origin (either in Gaussian space or the original parameter space) and calculating the 1 − α quantile

for each projection angle. The problem of calculating multivariate exceedance regions is therefore reduced to a series

of univariate analyses of deterministic variables. (Note that this is different to the cases considered in Section 5, since

short-term variability is not considered directly in the EC method). In both approaches, it is only the proportion of

observations in a region that is counted, without accounting for serial correlation in the data. As such, the positive biases

resulting from neglecting serial correlation, that were discussed in the previous section, will also affect environmental

contours calculated in this way. However, since IFORM contours are defined in terms of univariate exceedance regions,

the techniques of univariate analysis can be applied here as well. Derbanne and de Hauteclocque [39] proposed using a

POT method on projections of the data onto lines at given angles, in the original variables space. In their method, the

projected data are first declustered to identify independent peaks, and a generalised Pareto (GP) model is fitted to the
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Figure 7: Return values of Hs and U10 from resampled North Sea data.
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Figure 8: Illustration of IFORM approximation to failure surface.

declustered peak values at each angle.

To illustrate the effect of serial correlation on construction of environmental contours, we will use another dataset

from the recent benchmarking exercise [32]. The dataset is a 30-year time series of hourly measurements of significant

wave height, Hs, and zero-upcrossing period, Tz, taken from NDBC buoy 41009, located of the coast of Florida, US. We

consider the construction of IFORM contours in the original parameter space, following the approach of Huseby et al [37].

Figure 9 shows some steps involved in the construction of the contour. An extract of the time series when the data are

projected onto a line at ψ = 45◦ to the origin is shown (where the projected variable is defined by X = Tz cosψ+Hs sinψ),

together with peaks defined as local maxima within a moving window of length ±5 days. Rather than fitting a GP model

to the projected data, we consider the 1-year empirical return values, for which the sampling variability is reasonable for a

30-year dataset (see [31]). The empirical return values from the peaks and all observations are shown in panel (c), and the

boundaries to the half plane regions defined by the return values of the projected data are shown in panel (b). Another

example for projections at ψ = 15◦ is shown in panels (d) and (e).

For these projection angles, the tail of the distribution of storm peaks is approximately exponential (evident from

the approximately linear relationship between return values and return periods, when plotted on a semi-log scale). As

shown in the previous section, this results in a large difference between the 1-year return values from the peak values and
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all observations. By definition, the empirical estimates of return values coincide for the largest storm peak and largest

observation in the 30-year dataset. However, as noted in the previous section, this is a finite sample size effect that will

occur for any sample.

Figure 10 shows the 1-year empirical IFORM contours for the Florida dataset, constructed from all observations and

from peak values only. The contours are constructed as the intersection of the non-exceedance regions at projection

angles ψ = 10◦, 20◦, ..., 360◦. The effect of sampling uncertainty is evident in some of the ‘loops’ at various points on

the contours (see [37] for a discussion of this effect and [40] for a discussion of improved sampling methods from fitted

models). However, the differences between the two contours is clear. There is a large difference for the highest values of

Hs and Tz, with nearly a 3 m difference in the maximum value of Hs and nearly 3 s difference in the maximum value of

Tz. This is related to the long tails of these distributions, discussed in the previous section. In contrast, the differences

between the two contours on the low period side is much lower, since the tail of the distribution of the projected data is

shorter for these angles, due to the physical limit imposed by steep waves breaking.

As discussed in the previous section, the effect of neglecting serial correlation may decrease for higher return periods

(e.g. when ξ < 0). However, the size of the effect and how it varies with return period will depend on the particular

joint distribution of interest. Further discussion of the effect of neglecting serial correlation on response estimates from

environmental contours is provided in [41].

Finally, it is important to note that neglecting serial correlation also affects contours defined in terms of ‘total ex-

ceedance’ probability, i.e. the probability than an observation falls anywhere outside the contour. These include highest

density region contours [42] and inverse second-order reliability method (ISORM) contours [43]. As with standard IFORM

contours, highest density and ISORM contours are calculated in terms of the proportion of data outside a region, which

tells us nothing about how these occurrences are distributed in time. As far as the present authors are aware, currently,

no method has been proposed to account for serial correlation in highest density or ISORM contours. Given that ‘total

exceedance’ contours are significantly more conservative than contours defined in terms of marginal exceedance probabil-

ities (i.e. the various types of IFORM contour) [44], the effect of neglecting serial correlation will introduce yet further

conservatism.

5. Effect of serial correlation on long-term extreme responses

In this section we consider the problem of how to calculate the long-term extremes of a short-term response that is

conditional on the environmental state. The short-term response can represent a range of processes, such as sea surface

elevation, the motion response of an offshore structure, or the load on a particular part of a structure. The environmental

conditions are assumed to vary on a much slower time scale than the short-term response, such that the environmental

condition can be considered stationary for a period of the order of a few hours, during which there are many cycles of the

short-term response.

The key difference between this problem and the univariate cases discussed in Section 3, is that, typically, the short-

term response is not directly observed, but is described in terms of a previously-established distribution, conditional on

the environmental state. In this case, a record of historic environmental conditions only enables a probabilistic description

of the historic response.
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(a)

(b) (c)

(d) (e)

Figure 9: Illustration of construction of IFORM contours by projecting data onto lines at various angles ψ to origin. (a) Time series of (Tz , Hs)

data projected onto line at 45◦ to the origin, together with local peaks within a 5-day moving window. (b) Scatter plot of Hs against Tz ,

together with empirical 1-year return values for projected data at ψ = 45◦. (c) Empirical return values for projected data at ψ = 45◦, calculated

using all observations (blue) and peaks only (red). (d) and (e) same as (b) and (c), but for ψ = 15◦.
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Figure 10: 1-year IFORM contours for Florida dataset based on declustered data and all observations.

To illustrate why this problem is different to the cases considered in Section 3, consider the problem of estimating

the long-term extreme individual wave height. Figure 11 shows a time series of Hs over the course of a storm, together

with 1-hour maximum wave heights (simulated assuming a Rayleigh distribution of wave heights and 3600/Tz waves per

hour). In this example, the maximum individual wave height in the storm does not occur at the time of the storm peak

Hs. In the examples in Section 3, we were interested in the distribution of the peak values of an observed variable, and

we only needed to consider the peak value of the variable in each storm. In the present example, it is clear that if we only

consider the peak Hs in a storm, then we risk missing the maximum individual wave height. So in the case where we do

not directly observe the short-term response, we need to account for all environmental conditions over a storm.

There is a common misconception about the need to account for serial correlation in the estimation of long-term extreme

responses, related to the difference in the correlation time scales for the short-term response process and the environmental

variables. In a stationary environmental state, the correlation time scales for most response processes are relatively short,

and it is reasonable to expect that peak responses separated by 1 hour would be independent. However, since environmental

conditions are non-stationary and correlated over time scales of hours to days, this introduces correlation into the values

of peak responses in adjacent 1-hour periods. This effect is apparent in the lower panel of Figure 11, where the serial

correlation in 1-hour maximum wave heights over the storm is clearly visible. Figure 12 shows a one year time series of

Hs and 1-hour maximum wave height. In this figure, the dependence of the 1-hour maximum wave height on Hs is very

clear, illustrating how the serial correlation in the environmental state introduces serial correlation into the short-term

maximum responses.

We start by presenting a brief review of methods for calculating long-term extreme response in Section 5.1. Some

examples of the effect of neglecting serial correlation on estimates of long-term extreme responses are then presented in

Section 5.2.

5.1. Methods for calculating long-term extreme response

Methods for calculating the long-term extreme response are usually based on calculating the distribution of the max-

imum response in a random event, where the event is either a storm, a single short-term condition, or a single peak.
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Figure 11: Example of Hs and random 1-hour maximum wave heights over a storm. The 5% and 95% quantiles of the distribution of the 1-hour

maximum wave height are also shown, assuming that individual wave heights follow a Rayleigh distribution. In this example the maximum

individual wave height does not occur at the storm peak Hs.

The long-term distribution is then formed under the assumption that each event is independent. We shall refer to the

methods as the ‘all-peak’, ‘short-term maxima’ and ‘storm-based’ methods. Comparisons of all-peak and short-term max-

ima methods were presented in [9]. Further comparisons with storm-based methods were presented in [11, 12]. Here, we

present a brief overview of the methods. As storm-based approaches are less widely used, we present more detail on these

methods. In the following, we denote the vector of parameters representing the environmental state as S and the short-

term response peaks as R. Here we use the term ‘peaks’ to distinguish between local peaks (e.g. crest heights) and the

continuous short-term response (e.g. surface elevation). The distribution of response peaks conditional on environmental

state is denoted FR|S(r|s) and the joint density function of environmental conditions is denoted fS(s).

5.1.1. All-peaks methods

Methods for calculating the long-term distribution of all short-term response peaks have been proposed in [45–47]. In

this work, the long-term distribution of all short-term peaks is calculated using the Battjes method [46]. In this method,

the probability that a randomly chosen response peak does not exceed a level, r, is given by

FR(r) = N̄−1

∫

S

N(s)FR|S(r|s)fS(s)ds, (19)

where N(s) is the average number of response peaks in condition s and N̄ is the average number of response peaks in any

environmental state chosen at random, given by:

N̄ =

∫

S

N(s)fS(s)ds. (20)
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Figure 12: Example time series of Hs and random 1-hour maximum wave heights over a year. The serial correlation in 1-hour maximum wave

heights is evident.

The distribution of the maximum response in a T -year period is calculated under the assumption that all response peaks

are independent:

FRmax,T (r) = [FR(r)]
N̄nT , (21)

where n = 365.25 × 24/d is the number of environmental conditions per year, and d is the duration of each condition in

hours.

5.1.2. Short-term maxima methods

Two methods are commonly used for calculating the long-term distribution of the maximum response in each envi-

ronmental condition. One is based on ergodic mean [48, 49] and the other based on an average over the probability of

occurrence of environmental states. The two methods give almost identical results for return periods of interest for offshore

design (see [9, 12]). For consistency with the all-peaks and storm-based methods, we shall use the definition in terms of

the probabilistic average. Denote the distribution of the maximum response in environmental state s as FRmax|S(r|s).
Then the distribution of the maximum response in any environmental condition selected at random, is given by

FRmax
(r) =

∫

S

FRmax|S(r|s)fS(s)ds. (22)

The distribution of the maximum response in a T -year period is calculated under the assumption that all environmental

conditions are independent:

FRmax,T (r) = [FRmax
(r)]nT . (23)

5.1.3. Storm-based methods

Storm-based methods are derived in a similar way to the all-peaks or short-term maxima methods. We start by

calculating the distribution of the maximum response in any storm selected at random, FRSP
, where SP denotes storm peak.
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The long-term response distribution is then calculated under the assumption that storm peak responses are independent:

FRmax,T (r) = [FRSP
(r)]mT , (24)

where m is the expected number of storms per year. Storm-based methods can be classed as either “equivalent storm”

methods or Monte Carlo methods. In equivalent storm methods, the distributions of the maximum response in measured

storms is parameterised in terms of a statistically equivalent storm and FRSP
is calculated in an analogous way to the

distributions of all peaks or all short-term maxima. In Monte Carlo methods, FRSP
is estimated directly from the data,

removing the need to define equivalent storms.

Equivalent storm methods:

Although sequential environmental states are correlated, the extreme responses in adjacent environmental states are

dependent only on the environmental conditions and not on the extreme response in adjacent environmental states. That

is, the sequence of values of Rmax,i are independent realisations from FRmax|Si
, but the sequence Si is serially correlated.

The correlation in Si introduces correlation into sequence of values of Rmax,i (see Figure 11).

Given that FRmax|Si
are conditionally independent, the distribution of the extreme response over a measured storm

(MS) can be calculated as

FRSP |MS
(r) =

∏

i∈[i0,i1]

FRmax|Si
(r|si), (25)

where i0 and i1 are the indices of the start and end of the storm.

Two types of method have been proposed for parameterising the distribution of the maximum response in a storm.

One approach to parameterising FRSP |MS
is to model the temporal evolution of environmental states in a storm using a

simplified geometric form, such as a triangle [50–52], power law [30, 53] or exponential law [54]. In this approach, the

temporal evolution of only one variable is modelled (such as significant wave height or wind speed) and all other variables

are modelled as taking a single value, conditional on the dominant variable. If storm peaks are sufficiently separated in

time, the order in which environmental states occur within a storm does not matter. Each measured storm can therefore

be rearranged into a monotonic sequence, for which a simple parametric form is a reasonable approximation for the largest

values. Temporal evolution methods were derived for calculating return periods of wave and crest heights, for which Hs

has the dominant influence on the short-term distribution. For responses such as loads or motions of floating structures,

which are dependent on multiple variables, modelling only the temporal evolution of a single variable may not provide an

adequate model for the distribution of the maximum response in a storm.

The alternative is to define an equivalent storm as a parametric statistical distribution, fitted to FRSP |MS
for each

measured storm. Tromans and Vanderschuren [55] proposed to model the distribution of the square of the maximum

response in a storm as a Gumbel distribution. A generalisation of this method was proposed in [29, 56], where FRSP |MS

is modelled using the GEV distribution.

For both the temporal evolution methods and distribution modelling methods, the distribution of the maximum

response in any storm selected at random is calculated as

FRSP
(r) =

∫

Ω

FRSP |Ω
(r|ω)fΩ(ω)dω, (26)
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where Ω is the vector of equivalent storm parameters and fΩ(ω) is the long-term joint density function of equivalent storm

parameters. Often, the integral over the joint density of the equivalent storm parameters can be simplified by taking the

mean value of some equivalent storm parameters conditional on the others, for example, taking the mean GEV shape

parameter and modelling the scale parameter as conditional on the location parameter. Details are provided in the works

cited above.

Monte Carlo methods:

Broadly speaking, two types of Monte Carlo methods have been proposed for combining long-term and short-term

distributions. One type uses only the observed environmental conditions; we shall refer to this as MC1. The other uses

some method to generate random time series of environmental conditions, which we will refer to as MC2.

Mackay and Johanning [57] proposed an MC1 method where a random realisation of the maximum response in each

environmental state is generated. A POT analysis is then conducted, with the generalised Pareto (GP) distribution fitted

to the random storm peak responses. This process is repeated a large number of times and the results are averaged over

all trials. It should be noted that results will differ, depending on whether the GP parameters are averaged and return

values are calculated, or the return values are calculated for each trial and then averaged. The difference is due to the

nonlinear relationship between the GP parameters and return values. Methods used for estimating GP parameters and

quantiles vary in the bias and variance (see e.g. [58, 59]). Whether it is appropriate to average GP parameters or return

values depends on the parameter estimation method. Jonathan et al [60] showed that if maximum likelihood was used

to estimate GP parameters, then averaging return values over each trial results in a lower bias than calculating return

values from the average GP parameters. However, if the empirical Bayesian method (EBM) [61] is used to estimate GP

parameters, then using the average GP parameters to calculate return values results in a lower bias.

Various types of MC2 methods have been proposed. The methods generally involve three steps: (1) a method to

partition the observed time series into a sequence of non-overlapping storm events; (2) a joint model for the storm peak

variables; and (3) a model for the distribution of variables conditional on the storm peak values. For multivariate problems,

the peak values of each variable within a storm may not occur simultaneously. There is therefore some choice in how

to chose the values used for the joint model of storm peak variables. Some practitioners opt to identify one dominant

variable, such as significant wave height or wind speed, and select the values of the other variables at the time of the peak

value of the dominant variable (e.g. [62]). In other works, ‘characteristic’ values of variables over the course of a storm

are defined [63]. Alternatively, the peaks values of each variable within a storm can be modelled, where the peak values

are not required to occur simultaneously [33]. To obtain a model for the joint distribution of variables, conditional on the

storm peak values, measured storms can be resampled and rescaled [33, 63, 64]. Alternatively, a model for the time series

evolution around the peak values can be estimated [65].

The MC1 method is simpler to implement than MC2, as it only requires the short-term response function and a standard

univariate POT analysis. The disadvantage of MC1 is that a separate analysis is required for each response of interest.

It also assumes that response function does not change significantly outside the range of observations. Some responses,

such as mooring line snatch loads or wave-in-deck loads may exhibit a sharp change at some level. In comparison, MC2

is more complex to implement, but has the advantage that the extreme value analysis of environmental conditions can be

separated from the extreme response analysis, and no assumptions are required about how the response function behaves
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(a) Vertical bending moment (b) Roll motion

Figure 13: Normalised RAOs considered in the study.

outside the range of observations.

5.2. Examples using resampled time series

5.2.1. Short-term response model

We use response functions for the vertical bending moment (VBM) and roll motion of eight ships, considered in [41].

The normalised VBM and roll response amplitude operators (RAOs) are shown in Figure 13.1 The natural periods for the

roll responses are between 7.5 s and 25 s. Although, only two types of ship response are considered, roll is typical of many

resonance driven responses, with a sharp-peaked narrow-band response. In contrast, VBM has a broader bandwidth.

Thus the roll and VBM responses used here can be considered as representative of a wider range of responses of offshore

structures.

The response spectrum is given by

SR|S(ω) = [RAO(ω)]2Sη|S(ω), (27)

where Sη|S(ω) is the surface elevation spectrum in sea state S. In the examples in this section it is assumed that each sea

state has a JONSWAP spectrum with peak enhancement factor γ = 1.5. The significant response is defined as Rs = 2
√
m0,

where mj is the jth moment of the response spectrum

mj(s) =

∫ ∞

0

ωjSR|S(ω)dω. (28)

Under the assumption of a linear, narrow-band response, peak responses follow a Rayleigh distribution [10]:

FR|S(r|s) = 1− exp

(

−2

(

r

Rs

)2
)

. (29)

If we make the simplifying assumption that all short-term response peaks in a sea state are independent, then

FRmax|S(r|s) = [FR|S(r|s)]N , (30)

1The RAOs used in this study are available at: https://github.com/ec-benchmark-organizers/ec-benchmark/tree/master/publications/

quantiative-assessment-of-contours/raos
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where N = νd× 3600, ν =
√

(m2(s)/m0(s))/2π is the mean number of peaks per unit time, and d is the duration of the

sea state in hours. In reality, consecutive response peaks are correlated due to the grouping of waves. In practice, more

advanced methods could be used to estimate FRmax|S(r|s), which do account for short-term correlation in response peaks.

However, this simple model will suffice for the purpose of illustrating the effect of serial correlation in environmental

conditions.

5.2.2. Time series model

To simulate arbitrarily long time series of Hs and Tz, we use the storm resampling approach described in [33] (in the

notation of Section 5.1.3, this is an MC2-type model). The method for dividing the time series into discrete storm events

is very similar to that described in Section 3.2. The details of the joint model for storm peaks are not repeated here,

but is described in [33]. The method was applied to three datasets of Hs and Tz, provided in the recent environmental

contour benchmarking exercise [7]. Comparisons of the observations and empirical isodensity contours for the resampled

data are shown in Figure 14 and further comparisons are presented in [41]. Although there are some differences between

the observed and simulated distributions, the simulated data are sufficiently representative of real datasets to illustrate

the effect of neglecting serial correlation in the ‘all-peaks’ and ‘short-term maxima’ methods.

Figure 14: Scatter plot of observed Hs and Tz (dots), overlaid with empirical isodensity contours for the resampled data. Contours shown at

probability densities of 10−n for n = 1, ..., 6.

5.2.3. Results

For each dataset, 104 years of synthetic hourly time series of Hs and Tz were simulated. For each hour in the records, a

random maximum response was simulated for each of the 16 response functions described in Section 5.2.1. Return periods

were calculated from the empirical distribution function (EDF) for the simulated storm peak values (the maximum response

in each resampled block) and for hourly values under the assumption of independence. Examples of return values of VBM

for ship R05 are shown in Figure 15. For dataset A, the effect of neglecting serial correlation is negligible for return periods

above 10 years. In contrast, for datasets B and C, there are relatively large differences at the 10-year level between the

‘true’ return values and those which neglect serial correlation.

Return values of VBM calculated using the all-peaks method are also shown in Figure 15. Instead of generating time

series of all peaks within the 10,000 year datasets, a discrete analogue of (19) was applied to the hourly time series to
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calculate the distribution of a randomly chosen response peak:

FR(r) =
1

MN̄

M
∑

i=1

N(si)FR|Si
(r|si), (31)

whereM = 104×8760 is the number of hourly sea states in the 10,000-year time series. Return values were then calculated

as described in Section 5.1.1. For dataset A, there is negligible difference in the return values for the all-peaks and short-

term maxima methods above the 1-year level, whereas for datasets B and C there are still some differences at the 10-year

level. Mackay and Johanning [12] showed that if the distribution of the maximum short-term response is formed under the

assumption that all peaks are independent, then the return values from the all-peak method will converge to those from

the short-term maxima method as T → ∞. This is because both methods make the assumption of no serial correlation

between individual peaks or sea states.

It should be noted that after the random maximum response in each hour is simulated, we now have a univariate time

series of observed variables, so the situation is identical to that discussed in Section 3. Therefore, for a given response,

the effect of neglecting serial correlation will depend on the shape of the tail of the distribution of storm peak response

and the average shape of the ‘storms’, where in this case ‘storms’ refer to clusters of large responses. Moreover, note that

for a given dataset both the shape of the tail of storm peaks and the mean storm shape will depend on the particular

response function.

To summarise the results over all datasets, Figure 16 shows the sub-asymptotic extremal index θT for each of the

response functions and each of the datasets. In this plot, θT is calculated as the ratio of the return period from the

short-term maxima method to that from the storm peak method. There are similar trends for each response function.

For dataset A, θT increases to close to 1 at T = 100 years, whereas for datasets B and C, there is more scatter, but lower

values on average.

To assess the influence of the shape of the tail of storm peak response FRSP
, Figure 17 (a) shows a scatter plot of θT

for T = 25 years against the ratio R10/R100, where RT is the T -year return value of the response. The ratio R10/R100 is

a proxy for the shape of the tail of the distribution of FRmax|SP around the 25-year return level, with lower values of the

ratio corresponding to higher values of ξ.2 The relatively tight banding of the results over all 16 responses evaluated for

the three datasets, indicates that the mean storm shape is fairly constant for each case. The colour of the points in Figure

17 indicates the period of the peak response. It is apparent that the longer period responses tend to have distributions

of storm peak response with longer tails, and hence small values of R10/R100. This is related to the shape of the joint

distribution of Hs and Tz, discussed in Section 4. For the lower period responses, the tail of the distribution of storm

peak response will be shorter, since the minimum period at a given Hs is limited by wave breaking. Figure 17 (b) shows

the relative error in the 25-year return value for short-term maxima methods compared to storm-based methods (defined

as (R̃25 − R25)/R25, where R̃25 is the estimate from the short-term maxima method and R25 is storm-based estimate).

When the tail of the distribution of FRmax|SP is short and R10/R100 ≥ 0.6, the relative error is negligible. However, for

smaller values of R10/R100, the biases can be very large – just under 100% in the largest case. For this case, a structure

designed using response estimates from a short-term maxima method would be extremely conservative.

2The correspondence between the ratio and the tail shape can be seen by considering the Hill estimator [66] for tail index. If we denote an

ordered sample x(1) ≤ ... ≤ x(n) and denote the ratio vik = x(n−i+1)/x(n−k), then the Hill estimator is ξ̂k = 1
k

∑
k

i=1 log(vik).
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Finally, we consider the differences in the effect of serial correlation with and without short-term variability. Figure

16 shows the values of θT for the significant response, Rs, for each of the response functions (also presented in [41]). It

is apparent that including short-term variability increases the value of θT . As discussed before, a change in θT could be

due to either a change in the shape of the tail of the distribution of storm peak response, or a change in the mean storm

shape. Quantile-quantile plots of the random storm peak response against the storm peak significant response indicated

a linear relationship (not shown). So for the present examples, it can be inferred that short-term variability influences

the mean storm shape (where the storm shape is defined in the same way as in Section 3.2, as the ordered sequence of

response values over the storm, averaged over storms with similar peak response values). However, for other response

functions, short-term variability could also influence shape the distribution of storm peak response.

When the short-term distribution is Rayleigh, given by (29), the distribution of the maximum response in N cycles

tends to a Gumbel distribution as N → ∞, (a GEV distribution with CDF given in (9) and ξ = 0) with parameters

µ = Rs

√

log(N)/2 and σ = Rs/2
√

2 log(N). As a measure of the variability of Rmax we define a coefficient of variability of

the short-term maximum response as VST = STD(Rmax(s))/mode(Rmax(s)) = π/(2
√
6 log(N)). Here we have normalised

by the most probable maximum value, µ, rather than the expected maximum value to simplify the expression. In the

case that VST is large relative to the variation of Rs within storms, the presence of short-term variability dominates any

serial correlation in significant response, making time series of Rmax(s) effectively independent. In the present examples,

VST (s) is relatively constant at around 10% for all response functions and the ranges of sea states considered. So clusters

of extreme values in the time series of Rs and Rmax will occur at approximately the same times (similar to the case

illustrated in Figure 11).

To investigate the effect of additional short-term variability on the mean storm shape, consider the following simple

example. We assume that over the course of a storm, Rs increases linearly from zero to Rpeak
s over 100 hours, and that

the distribution of the maximum response in each hour follows a Gumbel distribution with parameters given above. We

simulate random values of Rmax in each hour of the storm for N = 10, 100, and 1000. For each simulation, the values

of Rmax over the storm are ordered, and the process is repeated 1000 times to calculate the mean shape of the ordered

values of Rmax. The results are shown in Figure 18. It is evident that the mean shape of the ordered values of Rmax is

more peaked than ordered values of Rs, and that the peakedness increases with VST (s), as expected. This implies that

the reason that θT is reduced when considering random responses rather than significant responses is that the mean storm

shapes are more peaked.

Figure 15: Examples of return values of vertical bending moment for ship R05 for the three datasets, calculated using various methods.
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Figure 16: Sub-asymptotic extremal index for three dataset and various ship responses. Thin lines are values for each response, bold lines are

mean over all responses.

(a) (b)

Figure 17: (a) Sub-asymptotic extremal index and relative error at T = 25 years, for each of the 16 responses and three datasets. R10/R100 is

the ratio between the 10-year and 100-year response, used as a proxy to characterise tail shape. (b) Relative error in 25-year return value for

short-term maxima methods compared to storm-based methods.

6. Conclusions

Sections 1 and 2 present theoretical arguments suggesting how a rational extreme value analysis from serially-correlated

data should be conducted in the ocean engineering context. We show that basing analysis on storm peaks or cluster maxima

of variables leads to intuitive interpretations of return values and return periods. We have presented theoretical arguments

and simple examples to show how neglecting serial correlation leads to positive bias in the estimation of extreme events.

A new definition of a sub-asymptotic extremal index, θT , was introduced. It was shown θT (x) = T̃ (x)/T (x), where T

is the true return period of x, and T̃ (x) is the return period when serial correlation is neglected. It was also shown that

the bias in return values introduced by neglecting serial correlation can be quantified in terms of θT . The sub-asymptotic

extremal index is more relevant to offshore engineering than the standard extremal index, which describes the effect of

serial correlation at asymptotically high levels, corresponding to return periods outside the usual range of interest. We

show that the value of θT (x) is dependent on the average shape of storm events and the shape parameter of storm peak

values, ξ. It was shown that larger values of ξ lead to larger biases at a given return period. For the examples considered

here, the effect of neglecting serial correlation is reduced at higher return periods. The rate at which θT increases with T

is also depended on ξ.
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Figure 18: Effect of short-term variability on mean storm shape. Solid line shows ordered values of Rs over a hypothetical storm. Other lines

show mean of ordered values of 1-hour maximum response, Rmax, over the same storm, where there are N peaks per hour, and the response

follows a Rayleigh distribution.

The examples presented show how neglecting serial correlation can lead to biased, overly-conservative estimates of

environmental contours and long-term extreme responses. For the roll motion and bending moment response functions

considered in Section 5, it was shown that when serial correlation was neglected, the 25-year return values of the long-

term extreme response could have relative errors of nearly 100% in some cases, although in other cases the relative errors

were much smaller. Accounting appropriately for the effect of serial correlation can therefore reduce over-conservatism in

offshore design, leading to more rational design decisions.
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